
W J F

where WT c~l --'1'
..11 , ~12,
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1 lSTRODUCTION

:~ ~~~~nt years, there has been an increasing

acceptance of the use of multiple under ream anchor

systems for the support of both temporary and per-

manent structures. This acceptance has been facil-

itated by the development of construction tech-

niques which allow convenient and economical

installation of multiple underreams, and has 'been

accompanied by the formulation of empirical rules

for use in design. Some experimental research has

been undertaken into the performance of multiple

underream anchors (e.g. Swain, 1976) however there

has been relatively little theoretical research

into the factors influencing the behaviour of these

anchors.

In this paper; an analytical technique for calcu-

lating the elastic response of multiple underream

anchors is outlined and is then used to investigate

the effects of the number and spacing of underre3ms

upon the behaviour of anchor systems resting in an

elastic half-space. In this study, consideration

is given to the influence of the anchor's proximity

to the free surface and its inclination upon the

elastic response.

TII<' r,'o<ulto< I'f this Rtudy Jnto multiple underrca..

an'"\h\\" h,,~havi~'u1. art' ~umm..,risl'J in the f(lrm or

inflm'nCl' clwrtR which m3Y be used in h3nd calcu-
lations for estimating the elastic response of

anchor systems for a wide range of anchor depths,

inclinations, number and spacing of underreams.

it is considered that the elastic solutions pre-

sented in this paper for multiple nnderrenm anchors,
may be used for desi~ninr, nnchor syst.,m.'; In lhe

same !1\.']nner thnl elastic Su]ul!"ns
"n'

"urn.nlly
us~d fqr o£!.c;ignJng R1Jrr:}(:(~ foolings and pi I(~ luulul-
ations.

2 TIIEaRY

Figure 1 shows a series of anchors A , .. A in an
elastic soil. Each anchor Ai is subaividedninto a

number of subregions or elements
Dil ..., D.

and it is assumed that the' forces 'F i.
10m

(X, Y, Z)Ii acting on. each element are juniformly

distributed over that element. .The theory of

e13sticity D\3Y then be used to establish the
relation

'Ill)
..IUII

is the vuctor of elument displacementll

is the vector of element forces

and Wij is the averag{ deflection of

"jth"elementof the "ith" plat"

and J is a (3nm) x (3nm) matrix of

influence coefficients.

Details regarding the calculation of thes~ influ-

ence coefficients are given by Rowe and Booker

(1979b).

1

,
"\.

to) ,EI..EVATION

FIG. 1 TYPICAL PROBLEM CONFIGURATION

(1)

If the anchors are rigid, then each anchor ~il;

only undergo rigid body movement. In this paper

attention will be restricted to the case of

inextensible anchor rods and it wJ 1 I bl:' :tf,,'"rnl'cJ

that l':H~h :1nchur I1nd('TJ~(H.'S Ii t r,'IIIH1:11101i ,1" IJar:!II,')
In tlip : 11'.,.. ::laalill. (:Ic'..rly' Ihln :115111111I1'111111III
olllyc:orrpc.t II 11"0 Hlwllur "ul 114 rl~~hlly .:111111"11,.,1

lu ll,l' luu:hur shall. lIuwl"Y('''' prl~vloliH rt.osull ti

obtained by Kowc nnd Booker (l979b, 1979c) Indi-

cate that in general very little rotation or devi-

ation of the translation from the direction of the
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J F 6 a (2)

where a is a vector of length (3nm) as defined

below

The tension Tk - Tk in the "kth" rod may now be

found from equilibrium since

n m

'1' - E E (lx Xij + ly Yij +1 Zij) (4)
k

i-k j-l z

and thus the applied load P - P is given by

n m
P E E (1 Xij + 1y Yij + 1 Zij)

k=l j-l x z

6
P

6
P

~ij
P

~ij
(5)

.".

P

:k
P

:k
P

3 THE BEHAVIOUR OF MULTIPLE ANCHORS

anchor shaft occurs. Thus in the majority of cases,

and particularly for cases of practical interest,

this assumption is quite accurate.

Equation (1) may therefore be written

T
a (1 1 1

x. y, z, 1x,

and (1 1 1)'1' is a unit vector parallel to
x. y, z

the anchor rods.

Suppose that equation 2 is solved for 6 - 6

(conveniently taken to be unity) and that in this

case F - F
so that 6 (3)F

It now follows from linearity that in the general

situation

The theory outlined in section 2 m:lY be used to

analYKl' thl' gl'neTal case invn.1vlnp. arb.ltrary anchor
indin"ll.,n, numb.,r or Ulukrn'an.'I and spacing
between underreams. In this paper, consideration

will be restricted to a number of typical cases

involving no more than five underreams which are

positioned at equal spacings. The solutions were

obtained for underreams which are square in

section, however a comparison between the clastic

response"of square and circular anchors (Rowe and

Booker, 1979a) indicates that the solutions for a

square anchor may be used for circular anchors of

equal area. Provision for the effect of anchor

shape can be made by modifying Selvadurai's (1976)

analytical solution for a rigid circular anchor at

infinite depth; viz

c
...

. P
BE

where
6...

is the displacement of an anchor at infi-

81

nite depth, of diameter (or width B), subjected to

an applied load P.

E is the Young's modulus of the soil;

c... (circular)
(1+\1) (3-4v)

8(l-v)
(6b)

(square) ..fii
(l+v) (J-4v)

16(I-v)
(6c)

and \) is Poisson's ratio of the soil.

If it is assumed th:lt the anchor rod cunnectin!!:

the under reams is relatively inextensible, then

the deflection of" the anchor system may be given

in terms of the results for a single anchor at

infinite depth multiplied by a correction factor

MG; Le;

6
c

... .
p (7)

BE

where the correction factor MG incorporates the

effects of:

anchor inclination angle w (see
Figure 1);

the distance h between the soil surface

and the bottom of the leading underream;

the number of underreams;

the spacing s between underreams.

Although the theory can be generalised to consider

a number of different boundary conditions at the

interface, attention will be restricted here to the

rigid displacement of an underream system with

rough anchor plates which are fully bonded to the

soil. The case of a fully bonded anchor is consid-

ered to be the most practical limiting case for

the application of elastic solutions since it has

been shown by Rowe (1978) that separation of an

anchor plate from the underlying soil is often

associated with significant plastic failure within

the soil mass; this usually occurs at loads well

above the working load.

(6a)

If InL,'ra..LI.,n "rr"..ts "'pr,' negleetl'll, then super-
positlun ur Lhe el:lstlc results for a single under-
ream (Ruwe and Booker, 1979b) could be used to
estimate the displacement of multiple anchor

systems. However, one might expect that this

approach would lead to an unconservative estimate

of anchor displacement since interaction between

anchors will reduce the efficiency of the anchor

system. To illustrate the magnitude or the inter-

action between underreams, consider an anchor

system with n underreams at very great depth and

subjected to a load P. If the displacement of an

isolated underream subjected to unit load is 60,

then the displacement of the anchor system (neglec-

ting interaction) would be 6s - 60 PIn. Now if

the actual displacement of the anchor system

(allowing for interaction) is 6G then the increase

in displacement of the anchor system due to inter-

action between underreams is given by the ratio

0G/os ; this ratio "is shown in Figure 2 for a

number of cases. In the case of a 2 underream

system, the actual displacement of the anchor
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system exceeds the value that would be determined

from a simple analys\s, neglecting interaction, by

more than 10% for anchor spacings less than 6

anchor widths (diameters). The degree of inter-

action increases with the number of underreams;

thus, with a 5 underream system an unpractical

spacing of almost 20 anchor plate widths is requ-

ired between each adjacent pair of underreams, to

achieve negligible interaction.

''''''T

'~~i

--' '-'
-.

0\,
.. ..

;.
.,

..>

.
..

FI';. l !-:FFU;'I'JF 1::n:HN;TJON VI'ON Tilt IJISI'LII!;f(MtNT

'JF
j...~UT rPl.!:: \';:>IJEP.REA.'� 1I]\!;l!uH 11'1' J NI'l N I 'J'f( U/':I'1'II

Figur~ 2 could be used to modify the displacement

obtained by superposition of single underream

results to give the correct elastic response for

"
particular deep anchor systenl. lIowever it is

m~)r...\ L'\'"ventenl t" exprc."$.s th~ displl1('(\ment of llH..\

ant.'lh't" :->y~l\.\m in tl'l'11\S cd" tlH' scdUl i"11 ,",'I" n Hln)!.ll'
d,'"p undl'lt"t'Um, nH111ipll.,.1 hv .1 ,'lll'r",'j 11111 f:II'I"1
~I(: ~I:; I uti I,'n I I-d

'11 F-qu:1 t I,t" I. Till' I'"~I 1 (','I 1,,"
lilclnr ~1C Iltl- ;11\ :Iudh'l- ::V::lt'lI\ ,II J'n'<1l dl'plh
(h/B ) i,.; given in Figure 'j lur V

= U.j. From
cnn,.;id~ration o[ ~Ie rc,.;ults given in Figure') it

may bc concluded that increasing Lht, number of

IJn(J~rr~Dm~leads to an apprcciab]~ dccrc;lscill
ant;},')r sysl~m di8plI1c.:~mcnL, aJ thoogh LlIl' lIIa~',ni llldt.,
tJf Lilj~ reduclion l!-:> uCIH.'nuenl upon tll(' Hp':H:in~'.

b~Lw~~n undcrreams. indeed tbe resulLs indicaLe

LI,"t it is more beneficial (in terms "f
reduced

anchor displacement for a given load) to increase

the number of underreams at the expense of reduc-
ing the spacing, provided that the spacing is not

reduced to less than 1.5 anchor widths. For

example, the deflection of an anchor system with

two underreams at a spacing of 8 anchor widths

(for a given total load P) is more than 50% great-

er than the displacement of an anchor system with

fiv~ underreams at a spacing o[ two anchor widths;

thl..'r\, is :t lUunf1lnnic v:lriat i"nin displaCl'lUt'Ul
with It", n1lmh\'.' ,11 III\~tl'I'I"t'alU:; ht'lwt't'U Ih,'~;" ~Wt'
,';1::.'::.

It may be anticipated that the response o[ a

multiple underream anchor will be influenced by

the depth h of the anchor system beneath the soil

sur [ace and the inclination w of the anchor system

to the horizontal. The variation in anchor per-

formance with anchor inclination and the number

and spacing of underreams is quite complex. In

part, this apparent complexity arises from the

manner in which the results are compared in non-

dimensional form. For example, the embedment

ratio is defined as the depth to the bottom of the

leading under ream and so altering the inclination

of the anchor system changes the minimum distance

between the underream and the soil surface while

the maximum distance remains constant (for given

h/n). It is found that the elastic response

82
(displacement for a given load) o[ a very shallow

(e.g. h/B = 1) single underream does not not neces-

sarily vary monotonically with inclination angle

w, however for most single anchors (i.e. h/B > 1.5)

the elastic response does increase with the inclin-

ation angle. For second and subsequent unaerreams

in the anchor system, both the maximum and minimum

distance between the under reams and the surface

increase with the inclination angle w (for' given

h/B to the leading underream). Consequently, the
elastic response of the latter underreams decreases

as the anchor system is rotated from w = 00 through

to w z 900. The combination of these two ~ffects

results in the trend shown in Figure 4 for h/B 1,

where the displacement of an anchor system for a

particular number and spacing of underreams is

greatest when w = 00 and is least for w = q5°. The

displacement for a system with w . 900 is slightly

greater than that for w = 450.

'0

....
.'

"' 1.1.11'....

.,

.. -J, ~~~
Z 4

"

. 10.,

.
..

....

FIt:. I III:;J'I.IICHWN'I' la.,II'{'\'I,IN F;\,"\'III; fl,: I.""
AN I\Nt:IIIII; ::Y:;TI':fl 11'1' INFINITI': 111':1"111 -. 'I.

Thl! so]uLion wllt,'re LlIL. ;JII\,II,lr sy~lL'm is hOI.i oul;11
h) = 0° m:IY ht., n'gardt'd :IS a slH.'l'ial c'aSl' sil1l't' 1.1\('
tll'plll or ":Icll IIndf'rn':Jm is iudt.'Pl'IHll'ut of .o-;P;I\'i ,j'~

s. For:d I ollu'r (".;Hit'S t IH' dl'Pllt 01 Sl'("OIHI ;ll1d
suhs(~qll('nt IIIHIc.'r n':Jult, i 11('n';IS('S Wllit i IH' n';I~; i up,
HpacLnc hplwl'l'l1 1IlIth'rrt:ulIIs ;II1U iL is fount! lllUl
[or u) :- lSo tlot. variation in the displace';u'nt of
a given multiple anchor system with changing
inclination angle w is less than 7~. Thus for

w > 150 the variation in the elastic response of

shallow anchors for different inclinations w

decreases with increasing spacing s between under-

reams, however because of the special nature of the

case where w = 0°, the difference between. solutions
for w = 0° and those for w > 00 becomes m~re pro-

nounced at large spacings.

'\II('ho'- ilu'l i":l1 iUIi h""IIIIII':'; I,,:::: Iml'"rl ;11I1 :1:: III"
,'mh,',illll'lIl 1':l11~, IH'('ol11":1 lal'f~"I. T\1lu I n'lId "';1)' 1)('

apprl't'!all'd hy l'umpal"ing LIIl' "('SUlls glv~n ill

Figures 4, 5, band 7 for a range of embedment

ratios. These results indicate a relatively

complex interaction between the effects of inclin-

ation, embedment ratio and the number and sp,'''i.ngs

of underreams. However in practical terms, fu

anchor systems with hI» > 3 the effect of' i~~1
ation upon anchor response can be largely I\L';'.

.,

since there is less than a 7~ variation in anchor

system response over the entire range of inclin-

ation 00 < w < 90°.

The proximity of an anchor system to the tree sur-

face has a noticeable effect upon the anchor system

response although, in general, this effect is not

as significant as the interaction due to the

spacing between undcrrcams. Figure,3 to 7 IrHI1-

cate till'varialiou In dl:.;plac.'m"lIt ,,[ lI\u\l(I'''"

2-249



,.

1.0

I
o.

". O.

04

O.

FIG. 5 VARIATION IN Me WITH SPACING AND

INCLINATION: ~=3 v - 0.5
B '

.... a,'

.;. .. 10

12

1.0
Cot.. o.
... . ...

o.

".
O. 2 UNDEAAE.MS

O.

,U

10 00.
0.1

t f

FIG. 7 VARIATION IN MGWITH SPACII'G A.';D

INCLINATION: ~-10 v = 0.5
B '

".

.. ..o.~

" ~ '18 .. ..!.. c. "'0.E

Co! ..O.

...90"

0.'

00 10
0.1

0.0'

..L
.

.I...

FIG. 4 VARIATION IN Me WITH SPACING siB AND
hINCLINATION: B-1, v - 0.5

0.'

.;...,

.....

...90"

-"- -

10
0.1 0."

...
. +

FIG. 6 VARIATION IN Mb WITH SPACING AND

INCLINATION: . ~ - 5 v - 0.5B '

anchor systems as a.function of underream spacing
for a range of embedment ratios. A comparison of
the results for an anchor system at infinite depth
(Figure 3) with anchor systems at finite depth
shows two types of behaviour. For anchor systems
with inclination w > 00, the embedment ratio hlB

becomes less important as either the number or
spacing of the underreams is increased. This trend
is to be expected since increasing either parameter
leads to an increase in the distance between the
bottom of the anchor system and the soil surface.
However for the special case of anchors with inclin-
ation w - 0°, there is no change in depth assoc-
iated with altering the number and spacing of under-
reams and in this case, the depth of embedment has
a more pronounced influence upon gnchor perfor-
mance than is observed when w > 0 .
The effect of proximity to the soil surface decays
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rapidly with increasing embedment and the displace-

ment of anchor systems with an embedment ratio of
10 is generally within 10% of that for similar

systems at infinite depth. Thus for practical

purposes, an anchor system may be considered to be

"deep" at an embedment ratio of 10. Under some
circumstances, notably for systems with w = 00 and

only a few underreams, the critical embedment ratiO

(i.e. the embedment ratio at which the displacement

is within 10% of the value for an infinitely deep

anchor) may be as low as 4.

The influence of Poisson's ratio upon anchor re-

sponse depends upon anchor depth and inclination as

well as the number and spacing of underreams. To

indicate the effect of Poisson's ratio upon anchor
displacements, the ratio of the anchor displacement

for. a given v, denoted by o(v), to the displacement

for v - 0.5, denoted by o(v - 0.5), is shown in
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Figures 8 and 9 as a function of v for a number of

specific cases. These results raise a number of

interesting points. Firstly it will be noted (see

Figure 8) that for an isolated anchor at infinite

depth the displacement for v & 0 is equal to that

for v - 0.5 and the maximum displacement at v -
0.3 is only 11% above that for v & 0.5 (this result

follows directly from Equation 6.) This situation

is markedly different from that encountered with a

surface footing where the increase in displacement

for v - 0.3 is 21% and this rises to 33% for v - O.

The important practical implication of this result

for anchors (or footings) in clay is that increas-

ing the embedment of an anchor decreases the amount

of "consolidation settlement" that would be

obtained, particularly for soils with a low drained

Poisson's ratio. Furthermore, with respect to the

effect of Poisson's ratio upon anchor behaviour,

the transition from surface footing behaviour to

deep anchor behaviour is very rapid. All single

anchors with an embedment ratio greater than or

equal to three show a very similar variation in

displacement with Poisson's ratio as that indi-

cated for an infinitely deep anchor. This allows

convenient, and relatively accurate, determinati;n

of the displacement for an anchor in a soil with

any Poisson's ratio v by interpolation of the
results given in this paper.

8 lid

/)(v'0.5)

o .1 .2
POISSON'S

.3 .4

RATIO"

.5

FIG. 8 EFFECT OF POISSON'S RATIO UPON

DISPLACEMENT OF A SINGLE ANCHOR PLATE

A similar trend in the effect of Poisson's ratio

upon anchor displacement is observed for multiple

underream an~hors (see Figure 9) although in this

case the influence of Poisson's ratio depends not

only on anchor depth and inclination, but also

upon the number and spacing of underreams. The

interaction between underreams is greatest for an

incompressible material and decreases with

Poisson's ratio; since interaction has its great-

est effect upon anchor systems with a large number

of closely spaced underreams, it might then be

expected that the influence of Poisson's ratio

upon the anchor displacement would be greatest for

these cases. Indeed Figure 9 demonstrates that

under certain circumstances the displacement of a

multiple anchor system in an incompressible soil

will be larger than the displacement for v < 0.5
(assuming the same elastic modulus). Of greater

practical importance however is the fact that for

a wide range of conditions the displacement of a

multiple anchor system is relatively insensitive

to the value of Poisson's ratio, generally varying
by less than 10% over the entire range of values

of v.
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The solutions presented in this paper are for an

anchor system embedded in an elastic half-space.

Provision could be made in the analysis for the

case where there is a rigid stratum at finite

depth beneath the anchor system, however results

obtained by Rowe and Booker (1979a) for a single,

horizontally embedded, circular anchor plate

indicate that the depth to the rigid stratum has

relatively little effect (i.e. less than 10%) upon

single anchor response provided the rigid stratum

is at least 10 anchor plate diameters below the

anchor. Accordingly it is considered that sol-

utions obtained for a half-space are sufficiently

accurate for practical cases where the soil mass

extends at least 10 anchor diameters below the

deepest underream; the displacement obtained using

half-space theory will be conservative.

1.20

r'

UNOERREAM

- -

]f;: ~ -:::-:-:::-
_-::-..~

- - -

-- -5_t.0

}
0.. uu__ t.I -Q-

. I

0.7 - - - t . 5

1.10

/)Ivl
/)(v'0.51

0.'

o .1 _2 .3 .4
POISSON'S RATIO

.5

10
)

1.2

1.1

:*?:~~~:-~-

}

-~??-:-

0.8 e-. It. -
. - -- t . 5

/)(vl
/)(v'0.5)

0.9

o .2 .3

POISSON'S RATIO

.. .5

1b)

FIG. 9 EFFECT OF POISSON'S RATIO
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4 CONCLUSIONS

The behaviour of multiple underream anchor systems,

resting in a homogeneous elastic half-space has

been examined using an analytical technique which

is outlined in the paper. The study has shown that

in general, the elastic performance of an anchor
system is significantly enhanced by increasing the

number of underreams, even at the expense of a

reduction in spacing between the underreams.

Consideration of anchor systems with a given number

of underreams indicated that anchor spacing was the

dominant parameter influencing the anchor system

responHe. The effect of interaction between under-

reams upon anchor behaviour increased with the

number of underreams, however even for small anchor

systems, significant interaction may occur at

relatively large spacings. Consequently, it is

usually necessary to take account of interaction

effects when predicting anchor behaviour.

The depth of anchor system embedment noticeably

influenced the response of shallow anchor systems,
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however the influence of the free surface decayed

rapidly with increasing embedment and for prac-

tical purposes may be neglected when the depth of

soil above the anchor system is greater than ten

underream diameters.

Anchor inclination was generally found to have very

little effect upon anchor system response and in

particular it was found that it is usually suffic-

ient to restrict attention to the limiting cases

of anchor systems with vertical and horizontal

axes.

Finally, it was shown that the elastic response of

a multiple anchor system was relatively insensi-

tive to the value of Poisson's ratio and it is
suggested that anchor systems in clay would exhibit

relatively little consolidation displacement.

Parametric solutions are presented in the form of

influence charts which may be used directly in

hand calculations to predict the elastic load

deflection behaviour of multiple underream anchors

for a wide range of parameters; the use of the

influence charts is illustrated by a worked

example in the appendix.
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7 APPENDIX ILLUSTRATIVE EXAMPLE

Estimate the elastic displacement of the anchor

system shown in Figure 10 for a soil with E'

3000 kPa, V - 0.4 where the anchor system is sub-
jected to a working load of 1000 kN.

The non-dimensional parameters are

h/
B -

3
= 5.50.54 I 1.15

2 1s
B = 0.54 = .

85
P . 100 kN

E' 3000 k Po

0.4

"

FIG. 10 EXAMPLE

From Equation 7

6
BE

where

c =
00

(1+v) (3-4v)

8(1-v)
0.408 for v

0.375 v

0.4

0.5

since the curves for v 0.4 are not given, use

MG results for v - 0.5 and correct by interpol-

ation from Figure 9.

(1) From Figure 6 for a 3 underream system,

2.1, MG = 0.565

Now determine

6(v = 0.5)
0.5) . MG

(v = 0.5) P

B.E.

0.375 x .565 x 100

.54 x 3000

0.0130

(2)
6(v)

6(v - 0.5)
by interpolation from

Figure 9

Estimate

Thus
6(v)

6(v - 0.5)
1.04 for sIB = 2, 3
underreams

(3) (v = 0.4) = 1.04 x 0.0130 = 0.0136m

i.e. 13.6 mm

This is 6.6% above the displacement of 12.8 rom

obtained from a full analysis. Note that the

approximate answer was determined using the

results for h/B - 5; an additional refinement

would be to interpolate between the results for

h/B = 5, h/B = 10 to obtain MG
for h/B - 5.5.
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