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1 INTRODUCTION

The problem of predicting the behaviour of
horizontal anchor plates at working loads
hzs previcusly been considered for square
and rectangular anchors in an incompress—
ible half-space (Fox, 1948} and for cire-
ular, rectangular and strip anchors in an
elastic layer of finite depth (Rowe and
Booker, 1978; Rowe, 1978)}. Approximate
attempts have slso been made to predict
the behaviour of wvertical anchors in an
elastic half-space {Douglas =nd Davis,
196k). However, no consideration appears
to have been given to the general effect
of anchor inclination upen the elastiec
behavicur of anchor plates. In this paper,
an analytical technique will be presented
for the analysis of an anchor of general
shape inclined at an angle 6 to the horiz-
ontal and buried at a depth h below the
surface of a homogeneous, isotropic elag-
tic half-space {with elastic modulus E and
Poisson's ratio v) as showm in Fig.l. The
anchor plate itself may be ejither perfectly
flexible or rigid and the applied load may
be at any point along the anchor and at
any inclinztion %o the anchor plate. If
desired, the approach may be used to .cbtain
a general load and moment versus displace—
ment and rotation relaticnship for z part-
iculer anchor.

The prcposed method of analysis bears
some similarity to the boundary integral
approach but there are significant differ-
eénces. The most important of these is the
mode of calculation of coefficients for an
interaction matrix (relating forces and
deflections) and the incorporation of the
horizontal free surface. In this paper
<the anchor is divided into a series of
subregions or elements and it is assumed
that the forces acting over each subregion
can be taken to be uniformly distributed
over that sub-region. Deflections are
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considered to be composed of two parts;
the first corresponds to an infinitely
deep anchor ané is given mnalytically for
rectangular spbregions. The second is ex-~
pressed as-a rapidly convergent Fourier
integral and =zcecounts for the presence of
the horizontal free surface. Thus in the
proposed method, there is no necessity to
introduce elements along the stress free
surface as there would be in the boundary
integral approach.

Onice the interaction matrix has been
determined it can be used to calculate the
force distribution develcped when the an-—
chor undergoes a prescribed rigid body
movement, or slternatively, to calculzte
the rigid body movement induced by a pre-
seribed applied resultant force.

2 THECRY

In Fig.1 R is a thin rigid anchor plate
embedded in a homogenecus isotropic half-
space. When the anchor is loaded it will
exert tractions on the surrounding elastic
material. In order to analyse the behav-
iour of the anchor plate suppose that the
region R is divided into n subregions or
elements Ry as indicated in Fig.l; suppose
further that, to sufficient accurscy, the
net traction acting on Ry can be assumed
to be uniformly distributed. Let ¥, de-
note the average deflection of the Jth
subregion, then it follows from the theory
of elasticity that ij can be expressed in
the form

n
¥iT kgl Ijk P (1)

where Ijk is a 3 x 3 matrix of influence
coefficients to be determined in
the next section

and Px is net force acting on element k.
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Equation {1) may alsc be written in the
matrix form

P =JF (2)
where D° = (QT, e e e EHT} ‘15 the
vector of element deflections
T T
Foo= (p1,- - - p.¥) is the
vector of element forces
J is the 3n x 3n partitioned
matrix
In Tin
J = ) (3)
In1 Inn

The deflection of the plate may be express-—
ed in the form

¥OT AR {4)
= T
vhere R = (Vs Vygs Wzos B, 0 v 9, )
is the vector of rigid body
movements
150303 0 ’—(Ei_zo)’-‘-()—ri_yo)
and Ai = 0’1’0’+{zi_z0)’ 0 ’-(xi-xo)

Osoils"(fi-yo)a"'(xi'xo)s 0

and ii’ ¥i: z are the coordinates of the
_centroid of Ry
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The ferces Pi and moments oy exerted on

each elemeni are given by-

[gi] = AiT P {5)
2y

The averall equilibrium of body may,
therefore, be expressed

k= B . ®
T T, .
where K- = (T, 07) is the vector of
- abpligd forces and moments
and BT is 6x3n partitioned matrix

T _ T T
B* = (Al 3+ s s An )

Combining equations (2, k, 6} it is found
+that

GRS

a set of 3n+6 eguations in the 3n+6 un-
knowns Py, R.

2.1 Determination of influence matrices

The influence coefficients in equation (1)
can be obtained by integrating Mindlin's
equations, Mindlin (1936}, for source
points ranging over Ry and field points
ranging over Ri. Certain of these integ-
rals can be evaluated analytically for
vertical and horizontal anchors {Davis and
Douglas {1964), Chapman and Groth (1969)).
However it does not appear possible to
perform the integrations analytically in
the general case.

It is therefore necessary to adepl an
alternative approach. The equations of
elasticity are transformed by the applic-~
ation of a double Fourier transform,
Sneddon (1951), or equivalently the dis-
placements are assumed to have the Fourier
representation

w(x,y,z)= f fei(GX+By)W(a,B,z)da das (8)

—0

Suppose the half space is bounded by the
plane z = 2y, it is required to find the
displacements at the field point

(xp, ¥r» z¢) due to a point loed of inten-
sity located at the source point

(xs: ¥ss 2g ).



It 1s convenient to break the solution
inte two parts

YOSt e - (9)
where Yy is the deflection éue to a point
lead in a complete space, Kelvin
solution, Zy > =

is the correction to the Kelvin

&nd W
i soclution

Ye

- Clearly the correction. solution is the
solution for a half space, 2 2 Zys subject-
ed to surface tractions equal in magnitude
but opposite is sign to those generated by
the Kelvin sclution. It is then not 4iff-
icult to establish that

T R '
EE'{2,~z.) A Nz, -2z )
W, = L ® 5" yp (10
~ Bn(i+w) v G p ~
-i(ezg+By,)
wp B oS
vwhere P=p P2
- _Ewv ) - E
A= (1+v) {1-2v) ¢ = 2(1ew) oT=
Lame's parameters
_ A+ G
V=3T3
p = Yai+pZ
a/p B/p C
H= [-B/p a/p O
0 0 1
A = diag. {1, bp{1+y), 1)
1+p+2pz, 0,+1(1-y-2ypz)
and N(z)= e P? 0 1, 0

~1{1-y}+2¢pz,0,1+P-20pz

and thus that’

[? i Qbf Ys

da dB|p  (11)
322 (1+{ )yGp -

vhere Q o= Q(xps Ya» 2y-2)
ond Qps = Qlxg, ¥s- Zp-Zs)
Qlx,y.,z) ="e 1(ax+8y}N(£)H

Returning to equation (9) it can be seen
that the influence matrix I. jg can be
broken into two parts
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Ijk = LJk + Mjk (12)
the first L arises from the Kelvin sol-
ution snd t5 evaluated anelytically for
rectanguiar elements in the appendix, the
second arises from the correcticn terms
and is evalueted by integrsting equation
{11)

4

MJk = I j 3OMEG( l+¢l)¢lp da dB

{13)

vhere ﬁi‘ff Qlxg.yg.2y-2g) A5

1
“A;ff Q(xf,yf,zb—zf) de

and Ak is the area ¢f the element Rk'

The integration indicated by equation (13)
¢can be performed analytiecally for rectang-
ular elements. The evaluation of the in-
fluence matrix M. in equation (12) can be
simplified by ingroducing polar cocrdinates

o =pcos £

B=pcseine (1k)
so0 that N
Q1. A Qk das
T
M = Sy (I i) @0 (05)

this integral may then be evaluated numer-
ically using Gaussian quadrature. The
integrel converges rapidly and generally
only requires one integration step in both
the & and p directions. It is usually
sufficient to use eight sample points and
to integrate with respect to p between the
limit of zero andé 10B. However higher
accuracy is required for very shallow
anchors.

3 THE EFFECT OF INCLINATION UPON ANCHOR
BEHAVICUR

The method of analysis presented in the
previcus section mey be utilised to deter-
mine the elastic behaviour of an anchor of
general shape. However, for purposes of
illustration, atitention will be restricted
here to the load displacement relationship
for a square anchor, expressed in terms of
the apparent stiffnes P/BSE, where P is the
applied load necessary to cause an anchor
of breadth B to displace a distance § in
the direction of the load P (i.e. & is the
displacement of an inextensible anchor rod

. due to the application of the load P to
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the anchor red). It is further assumed
that the anchor is rough and is fully bond-
ed to the soil, since it is generally ecc-
epted {e.g. Douglas and Davis, 196k,
Selvedurai, 1976; Rowe and Booker, 1978)
thet this case corresponds to the most
practical limiting case for the spplication
of elastic solutions. Unless cotherwise
stated, analyses were performed for & load
applied at the centre of the anchor.

The application of the =nalytical tech-
nigque descrited in section 2 to the pre-
diction of the load displacement behaviour
of & rigid anchor plate involves an approxi-
mation regarding the number of subregions
necessary to simulate rigid anchor behave-
iour. In this regard it was found that for
an enchor at infinite depth, the discrepancy
between the epparent stiffness of an anchor
subdivided inte &, 16, 35, 64 and 100 sub-
regicns and the analytical solution for a
circular anchor of eguivalent area (Selva-
durai, 1976) was 6.3%, 2.5%, 1.2%, 0.4%
and .01% respectively for bothk v = 0.3 and

= 0.5. More importantly, however, it
was found that for a given number of sub-
divisions, the ratic, Iy, of the apparent
stiffness at any embedment ratio {h/B) to
that obtained at infinite depth was largely
independent of the number of subdivisions
for sixteen or more subdivisions. Even
for one subidivision the ratios agreed
with that obtzined fer a rigid anchor to
better than 1.5% for embedment ratios
greater than or equal tc cne. It follows,
that for many applications it would be
sufficiently eccurate to perform an an-
8lysis using only one subdivision and that
in genersal, no more than 16 subdivisions
would be required provided more accurate
spot checks are made to ensure that the
required accuracy is achieved.

The effects of embedment ratio, Poisson's
ratio and ancher inclination can be con-
veniently represented by expressing the
apparent stiffness P/BSE in the form

BGE *

is an influence facter for the
effect of anchor shape and
Poisson's ratio, v, upon the
. apparent stiffness of an anchor
at infinite depth (h/B=w). I
is independent of anchor orient—
ation 9. '
Ih is & correction factor for the
effect of embedment ratio h/B
and anchor inclination 6 upon .
. the epparent stiffness.
B is the breadih {or dismeter, for

vwhere T

8 circle) of the =nchor; and P,d,

and E are as previously defined.
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It has been found that the authors' value
of Imobtained foer & rigid square anchor is
in excellent agreement with the analytical
solution cbtained by Selvadurai (1976) for
s rigid circular anchor in an infinite soil
mass, provided both anchors have the same
cross—sectionel ares. This finding accords
with a suggestion by Devis and Poulos(1972)
that the settlement of a square surface
footing is very little different from that
of a circle of equal area.

Thus Selvadurai's genersl sclution for a
circle

, ___8(1-v)
I, (circle} = TTv] (3-5v)

may be modified for a sguare, viz.

2
. 8(1-v)
I, {square) = T2 Tiev) (3o0v)

Strictly speaking, the solutions c¢btained
in this paper only spply for a square an—
chor. However since the apparent stiffness
of square anchors in the limiting cases
{i.e. at the surfece apd infinitely deep)
are aimost the same as for circular anchors
provided the appropriate value of Icn is
selerted.

The correction factor 1 is shown in
Figs. 2 and 3 as a functiocn of embedment
ratio h/B for a range of anchor orientat-
ions 6. This corrsction factor Iy corres-
ponds to the ratio of the apparent stiff-
ness for a given h/B to the apparent
stiffness obtained for a similar case where
h/B = = and consequently, attains a limit-
ing velue of unity at the criticzl embed-
ment ratic. Any increase in embedment
beyond the critical value will not alier
the apparent stiffness of the anchor. The
rate of increase in apparent stifiness with
embedment ratio is relatively fast for em-
bedment ratios less than 5 and at an embed-
ment ratio of 5 the apparent stiffness of
tke anchor is between 91 and 96% of the
infinitely deep value. However the rzte
of inecremse in stiffness with embedment
ratic reduces rapidly for h/B greater than
5 and the apparent stiffness does not attain
99% of the infinitely deep value until an
embedment ratio {h/B} of hetween 20 and 50.

For a given' embedment ratic, anchor in-
¢lination may elter the apparent stiffness
of the anchor by up to 8% with the greatest
differences occurring for anchors at mod-
erately shallow depths {i.e. 1.5<h/B<h).
However in situaticons where different
anchor orientations are considered, the
definition of embedment ratic is scmewhat
prbitrary. In this paper the depth, h, is
the distance from the 5011 surface to the
bottom of the enchor .
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Fig.2 Correction factor Iy, for the effect
¢f embedment upon apparent stiffness v=0.3

An alternative definition might take the
depth, h, as the distance to the tep or
midpoint of the anchor. In this case the
effect of anchor orientation would sppear
to be much greater although, clearly, the
apparent stiffness of the anchor for a
particular case is independent of the def-
inition used in the graphical presentation
of sclutions.

The effect of anchor imclination upon the
elastiec response of the asnchor may be
better appreciated from Figs. 4 and 5 whieh
show the correction factor, Iy, as a polar
funetion of anchor ineclination 6. The
difference in the apparent stiffness of an
anchor subjected to a centrally applied
point load and that of an anchor subjected
to loading which would cause rigid normal
gisplacement without rotation is alsc ill-
ustrated in these figures. The effect is
generally small and is insignificant. for
embedment ratio greater than 2. The mag-
nitude of observed anchor rotations for an
anchor subjected to a central point load
is shown in Figs. 6 and 7. Here the anchor
displacement at the top (8.) and bottom
{8y} of the anchor are given in terms of
the displacement at the centre of the
anchor (8). The magnitude of anchor rotat-
ion increases with increasing anchor in-
clination @ and decreasing embedment ratic

§ = 90°) the top displacement is almost
i7% greater than the central displacement;
however the magnitude of anchor rotation
decrease$ rapidly with embedment and even
for an embedment ratio of 2 the difference
is less than 2.6%. ’ ]
The foregoing solutions have all been
for.the case of an applied load perpendic-
ular to the anchor plate. However, the
approach given in section 2 may be used. to

obtain solutions feor a wide range of load-
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Fig.3 Correction factor Iy for the effect
of embedment ratio upon apparent stiffness
v=0.5 .

ing conditions. One case of some practical
importance is that where the load is app-
lied at some angle & to the normzl to the
anchor plate as shown in Fig. 8a. In this
case the apparent stiffness P/BSE may be
expressed in the form

BaE = I IpI

o

is a correction factor for the

effect of load inclination  upon

the apparent stiffness;

and P, B, &, E, I, and I, are as prev-
iously defined.

where T

The correction factor I, is shown in Figs.
8 and 9 for a range of anchor inclinations
. The effect of load inclination o is
greatest at shallow depth and for high an-—
chor inelinations 6. The effect decreases .
rapidly with embedment ratio. It will be
noted that at shallow depth the load-
deflection response of the anchor mzsy be
enhanced for some load inelinations greater
than zero; however, in general, inclinat-
ion of the load tends to reduce the apparert
stiffness of the anchor by up to slmost 25%
over ihe range of inclination considered.
At shallow depths there is a marked inter-

.action-between -anchor -and- the- ANCTENAL QI

of the load to the anchor. As might be ex-
pected, at great depth the response of the
anchor 1s independent of anchor inclination
although the inclination of the load. may
still reduce the apparent stiffness signif-
ieantly.

L CONCLUSION

An analytical technique has been presented
for the prediction of the behaviour of an
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inclined anchor in an elastic soil medium.
The anchor may be of general shape but is
divided into a series of rectangular sub-
regions or elements. The anchor may be
subjected to guite genersl loading condit-
ions.

The approach has been applied to the
partiecular case of a square anchor and
soluticns are presented for the elastic
response of the ancheor for a wide range of
material and geometric parameters. These
sclutions are presented in the form of
‘influence charts which may be used directly
in hand calculations to predict the elastic
load defiection behaviour of anchor plates
for a range of Poisson's ratic, embedment
ratio anchor inclinations and load inelin-
ations.

It is considered that the solutions pre-
sented for the apparent stiffness of a
" square anchor may be used for circular
anchors of equal area.
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APFENDIX |

The displacement vector w at the field
point (xr, ¥r. z¢) corresponding to a point
load p applied at the scurce point

{xg, ¥g» 2g) is:

1 Ryx Byy Byz
=G | YByer | Byx Byy Ry [B| (A1)
RZX‘ Ezy RZZ

where R= (x? + y? + zz)%
V= I/R

(x,y,2)= (xp-%g, ¥r~¥s» Zg~2g)

and the subscripts x, ¥, 2 indicate diff-
erentiation with respect to that varizble.

Let £, n, £ be Cartesian coordinates with
£, N lying in the plane of the plate. The
(x, ¥, 2) and £, N,  will be related by an

. ertheogonal matrix H as follows

£= Hx (a2)
vhere x= (x, v, i)T
£= (g, n, oF
It may be shown that
. - WT Rgg Ben O
¥ = hncg[vp E%I B | Bng B O HEJ(A3)
o} 0 v
whereR = (&% + T12)1‘5
V= I/R
{E,n) = (Ef - Es: Tig — Tif)

and where the subscripts £, n indicate
differentiation with respect to that vari-
gble and the subscripts s, f indicate
values a2t the source and field peints
respectively.

Next consider two rectangular elements
(Rj [ajféﬁfibjf, cjfsnf.sdjf) and

(Ry | agx€Es¥bgys cox¥Ng€d,, ) and let x(E,n)

be a quantity defined over both elements
then it can be shown that if ¥ is any
soluticn of the egquation

Bh

32EZqp2 = ¢ _ ’ ' . (Ah?
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I(I ¢d€sdns] dEp dnp = < X >
Ry

SRYIID e

sk “sk fk "tk

Now let 'us introduce the notation VE for
any solution of the eguation

5o = v

13
vith similar definitions for V' etc.
Thus in equation (AL) ¥ = ¢EEnn

It can now be seen that the matrix Ijk is
given by

_ R REn 0
J o 0 VEEnn

JH (A5)
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Integration of the functions V, R reveals
that

13 SERNE D S 3
A Tt
v {E,\’) =V (H:E) = sinh TF—;T
vee(g,m) = £ vE-R (26)
v(g,n) = n VR {AT)

VEn is a homogeneous function of order one
thus using Euler's theorem
L — (A8)

Similarly VEEHH is a homeogeneous funection
of order 3 ané sc

yEEMM _ 1 (g2v™ 4 senvE" + n2v8) (a9)
also B> =% (&R + navh)
R =% (R + g2v)
[

L (_1;_ « n2yS8) (A11)

3
g - L (% + g2 (A12)
REH is & homogeneous function of order 3

and thus

RSN = 1 (nR® + ™) (13)
Equation (AS5) can now be evalusted from the
results of AB-A13}.
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