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Development of a technique for modelling clay liner desiccation
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SUMMARY

This paper presents a model for the analysis of clay liner desiccation in a landfill barrier system due to
temperature effects. The model incorporates consideration of fully coupled heat-moisture-air flow, a non-
linear constitutive relationship, the dependence of void ratio and volumetric water content on stress,
capillary pressure and temperature, and the effect of mechanical deformation on all governing equations.
Mass conservative numerical schemes are proposed to improve the accuracy of the finite element solution
to the governing equations. The application of the model is then demonstrated by examining three test
problems, including isothermal infiltration, heat conduction and non-isothermal water and heat transport.
Comparisons are made with results from literature, and good agreement is observed. Copyright # 2003
John Wiley & Sons, Ltd.
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1. INTRODUCTION

Clay liners form an integral part of the barrier system for most modern waste disposal facilities
[1]. The low hydraulic conductivity of the liner serves to minimize advective flow of leachate
from the landfill. When combined with a geomembrane to form a composite liner, the clay liner
also serves to minimize leachate through any holes or defects in the geomembrane.
Furthermore, in the case of a composite liner, the clay liner component provides a backup to
control the escape of fluids when the service life of the geomembrane is reached. Well
constructed clay liners are considered to have an indefinite service life [2,3] provided that they
remain intact and uncracked for the contaminating life span of the landfill (i.e. the period of
time during which leachate escape could have an adverse effect on groundwater). This then
raises the question as to what effect the temperature generated in the landfill, and presence of an
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essentially impermeable geomembrane liner, above the clay liner may have on the long-term
performance of the clay liner.

Significant temperature increases may occur above landfill liners due to the biodegradation of
organic matter in the waste body. Measured temperatures on the liner system ranging from 10 to
658C have been reported [2–7].

The properties of soil material vary with temperature. For example, as temperature increases,
both the hydraulic conductivity and diffusion coefficient increase. According to Collins [4], both
the hydraulic conductivity and diffusion coefficient at 608C are three times higher as those at
108C:

Under non-isothermal conditions, the temperature gradient and capillary pressure gradient
are two driving forces for moisture transport in clay liner systems. When a temperature gradient
is applied on an unsaturated landfill liner system (Figure 1), it causes changes in water and air
pressures in the medium. Liquid water moves from higher capillary pressure towards lower
capillary pressure, vapour water moves from higher temperature towards lower temperature
area due to vapour diffusion. In the unsaturated system, air moves from higher air pressure to
lower air pressure area. Air flow can increase or decrease vapour transport due to advection.
The combined effect of liquid water, vapour water and air flow is a redistribution of water in the
liner system; this redistribution has the potential to cause desiccation of the clay liner in the area
of higher temperature.

The consequences of desiccation are reductions in void ratio, deformation and volume
change, crack initiation and propagation [8]. A significant temperature increase could cause
significant loss of water content and induce cracks in clay liners in a short period of time (a few
years), that could substantially increase the hydraulic conductivity of the liner or cracked zone.
Several theoretical models have been proposed for analysing the desiccation and cracking of soil
under isothermal conditions. For example, Lee et al. [9] proposed a finite element model of crack
propagation in brittle soils based on the linear elastic fracture mechanics theory and the
propagation fracture toughness parameter criterion. Morris et al. [10] developed a theoretical
model for one-dimensional analysis of crack depth in unsaturated soils using three different
approaches: (1) elasticity, (2) linear elastic fracture mechanics and (3) strength theory. Konrad

Figure 1. Heat and mass fluxes in an unsaturated medium under a geomembrane due to a
temperature gradient.
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and Ayad [11] proposed a general theory for the analysis of cohesive soils undergoing
desiccation, with special attention to cracks resulting from a moisture content reduction induced
by evaporation from the surface of clayey soils. The model can predict the depth and spacing of
primary cracks using the theory of linear elastic fracture mechanics and the fictitious stress
superposition concept.

Under non-isothermal condition, models developed by Philip and de Vries [12] and Milly [13]
have been widely used in engineering practice for moisture transport under temperature effects
in rigid porous media. Philip and de Vries model uses temperature and water content as basic
variables, while Milly’s model uses temperature and capillary pressure as basic variables. The
limitations of Philip and de Vries model include the assumptions of homogeneous medium, no
hysteretic effect, and unsaturated media. The water content based Philip and de Vries model is
not applicable to saturated media, since water content is unchanged in saturated cases. By
expressing the governing equations in terms of temperature and capillary pressure, Milly’s
model has eliminated the above-mentioned restrictions of the Philip and de Vries model.
However, the deformation of porous media was not considered in either of these models.

D .ooll [14,15] studied desiccation of mineral liners below landfills with heat generation using
Milly’s model. She evaluated the effects of hydraulic conductivity, position of the water table
and temperature on the predicted profiles of water content and capillary pressure. The
probability of liner cracking was discussed based on the calculated suction profiles. D .ooll’s finite
difference software was developed for one-dimensional conditions. Heibrock [16] proposed a
method for calculating the non-isothermal stress field in clay liners by first using D .ooll’s model to
calculate suction profile in the liner, then using the model proposed by Morris et al. [10] to
calculate tensile horizontal stress and evaluate the possibility of tensile failure.

While D .ooll’s study represented a useful advance, it was limited by virtue of the fact that no
consideration was given to: (a) the effect of stress and deformation, (b) air flow, (c) temperature
on hydraulic conductivity and the water retention curve other than due to changes in surface
tension and viscosity, and (d) hysteretic effects. Furthermore, there is some question as to how
to determine the vapour transport enhancement factor Fv used in D .ooll’s model. In D .ooll’s case
studies, a wide range of different Fv values were needed in order to obtain a reasonable fit to
experimental data. The model by Morris et al. [10] for crack analysis is valid for isothermal
media. Heibrock’s [16] extension to the non-isothermal case is a semi-coupled approach that
neglects the effect of temperature on deformation and therefore the tensile stress field. Since the
thermal stress due to thermal expansion of the medium is an important part of the stress field,
and may not be negligible, there is a need to examine this effect.

In recent years, a great deal of work has been done to study heat and mass transfer in
deformable unsaturated porous media [17–22]. Geraminegad and Saxena [18] developed a
thermoelastic model for saturated and unsaturated porous media incorporating soil deforma-
tion due to changes in the flowing phases (i.e. moisture and air phases), but did not include soil
deformation due to external loading. Thomas and He [20], and Thomas et al. [23] presented
models for coupled deformations and heat and moisture flow in unsaturated media using the
theory of elasticity/elasto-plasticity and a state surface approach. Yang et al. [21] proposed a
general three-dimensional mathematical model for coupled heat, moisture, air flow and
deformation problems in unsaturated soils. An elastoplastic framework was used to describe the
deformation behaviour of the unsaturated soil structure. Zhou et al. [22] proposed a consistent
fully coupled nonlinear model for heat, moisture and air transfer in deformable unsaturated
media based on two general constitutive relationships relating void ratio and liquid water
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content to stress, capillary pressure and temperature change. The governing equations are
explicitly expressed in terms of deformation, capillary pressure, air pressure and temperature.
The model takes into consideration thermo-osmosis and thermal-filtration (thermodynamically
coupled effects), stress and temperature effects on water retention curve, moisture retention
hysteresis and soil inhomogeneities, the heat of wetting, heat sink due to thermal expansion of
the unsaturated medium, phase change between liquid water and vapour water, and
compressibility of liquid water.

An important characteristic of clay liner materials used in landfills is their deformation due to
thermal, hydraulic and external loading (such as overburden pressure). Strong coupling is
expected between deformation and moisture transfer [23]. A model that includes this coupling
makes it possible to quantitatively investigate its significance.

Mass balance error is a problem often encountered in numerical modelling of mass transport
phenomenon using capillary potential (or suction) as a basic variable. In transient analyses the
error can accumulate to unacceptable levels [24]. Abriola and Rathfelder [25] studied the causes
of mass balance errors in modelling two phase immiscible flows in rigid media. They concluded
that the mass balance errors in traditional finite element pressure-based models result from
failure to properly evaluate the capacity coefficients when the capillary pressure-saturation
relationship is nonlinear, and suggested that conservation of mass can be obtained when the
capacity coefficient is formulated to preserve the elemental approximation of the derivative of
water saturation with respect to time. D .ooll [14,15] studied moisture and heat transfer using
mass-conservative one-dimensional finite difference scheme. To the authors’ knowledge, until
now, no mass-conservative numerical scheme has been proposed for use in the finite element
analysis of moisture and heat transfer in deformable unsaturated soils.

The objective of this paper is to develop a theoretical model to study heat and moisture
transfer in landfill liner systems and evaluate the potential of desiccation cracking by examining
the resulting stress field. One of the major differences between this and previous studies is that in
this study a fully coupled model is used to assess the effects of temperature and thermal
consolidation on moisture transfer. Using this model, stress and deformation can be
simultaneously calculated to facilitate the study of desiccation cracking. Temperature effects
on stresses, and the effect of air flow on moisture redistribution are also considered. New mass-
conservative finite element schemes are proposed to obtain mass balance results and accurate
solutions. A set of numerical examples are presented and compared with other analytical and
numerical solutions to demonstrate the validity of the finite element technique.

The following section summarizes the complete set of fully coupled governing equations
needed to consider the aforementioned coupling effects.

2. THEORETICAL MODEL

In a non-isothermal unsaturated soil medium, there are three different phases (solid, liquid and
gases) and three different physical processes (deformation, mass flow and heat transfer) to be
considered. To establish the governing equations needed to describe the interactions between
phase and processes, the following assumptions are made: (1) soil medium is isotropic, (2) small
deformation and infinitesimal strain, (3) thermal equilibrium between different phases, (4) liquid
water and air flow both follow Darcy’s law, (5) vapour flow is due to both diffusion and
convection and (6) heat flow is due to conduction, convection, and latent heat transfer. Creep is
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neglected and the initial strain is considered to be zero. Due to limited data, the effects of
thermo-osmosis and thermal-filtration are not considered in this study.

The following two constitutive relationships (in general form) relating void ratio ðeÞ and
liquid water content ðyÞ to net mean stress (sn), capillary pressure ðpcÞ and temperature increase
ðT Þ are introduced into the simultaneous governing equations:

e ¼ f ðsn;pc; T Þ ð1Þ

y ¼ f ðsn;pc; T Þ ð2Þ

where pc ¼ pl � pa; sn ¼ ðs1 þ s2 þ s3Þ=3þ pa;pl is pore water pressure, pa is air pressure and
si ði ¼ 1; . . . ; 3Þ are the three principal stresses (tension positive).

From Equation (1), the volumetric strain ðevÞ of soil material can be derived as

dev ¼
de

1þ e0
¼

dsn

K
þ B1 dpc þ B2 dT ð3Þ

where

K ¼
1

1þ e0

@e
@sn

; B1 ¼
1

1þ e0

@e
@pc

; B2 ¼
1

1þ e0

@e
@T

ð4Þ

e0 is initial void ratio and K is bulk modulus of the soil medium, B1 is compressibility of the soil
medium due to capillary pressure change, B2 is thermal expansion coefficient.

In the case of non-linear thermoporoelastic medium, the following complete stress–strain
relationship can be established from Equation (3) in incremental form as

dsij ¼ 2G deij þ dij
m

1� 2m
dekk

� �
� KB1dij dpc � dij dpa � KB2dij dT ð5Þ

where sij is stress tensor, eij is strain tensor, dij is Kronecker’s delta, G is shear modulus and m is
Poisson’s ratio.

Assuming elastic isotropy, K; G and m are related by

m ¼
3K � 2G
6K þ 2G

ð6Þ

The equation for force equilibrium in the soil can be written in incremental form as

ðdsijÞ;j þ dbi ¼ 0 ð7Þ

where bi is body force in i direction.
In unsaturated soils, water exists in the pores in the forms of liquid water and water vapour.

Liquid water is transported due to the capillary potential gradient, and can be described by
Darcy’s law. Water vapour is transported by diffusion and convection.

ql ¼ �rlklrðpc þ pa þ rlgzÞ; qv ¼ �Dnrrv þ rvva ð8Þ

where ql and qv are fluxes of liquid water and vapour water, respectively; kl is mobility
coefficient of liquid water associated with Darcy’s flow ½kl¼Kl=ðrlgÞ�; Kl is hydraulic conductivity
of the soil medium, g is gravitational acceleration, rl and rv are densities of liquid water and
water vapour, respectively, z is vertical co-ordinate, Dn is effective molecular diffusion coefficient
of water vapour and va is velocity of air.
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Both rl and rv depend on temperature and capillary pressure:

rl ¼ rl0½1þ blðpc þ paÞ � alT � ð9Þ

rv ¼ r0h ¼ r0ðTK Þ exp
pc

rlRvTK

� �
ð10Þ

where rl0 is initial density of liquid water, bl is compressibility of liquid water, al is thermal
expansion coefficient of liquid water, r0 is density of vapour at saturation depending on
temperature, h is relative humidity, TK ð¼ T0K þ T Þ is current temperature in 8K; T0K ð¼
T0 þ 273:15Þ is reference temperature in 8K; T0 is reference temperature in 8C and Rv is the gas
constant for vapour.

Velocity of air can be described by Darcy’s law (neglecting the gravitational contribution):

va ¼ �karpa ð11Þ

where ka is the mobility coefficient of air. Both kl and ka depend on the intrinsic permeability of
the soil material, degree of saturation and temperature.

The mass balance for water in a deformable unsaturated soil is given by

@frlð1þ eÞyþ rv½e� ð1þ eÞy�g
ð1þ e0Þ@t

¼ �rðql þ qvÞ ð12Þ

The mass balance for air in a deformable unsaturated soil can be expressed as

@frda½e� ð1� H Þð1þ eÞy�g
ð1þ e0Þ@t

¼ �rqda ð13Þ

where t is time, rda is the density of dry air, H is the coefficient of solubility of air in water
defined by Henry’s law [26] and qda is dry air flux due to solubility and convection and is given
by

qda ¼
Hrda
rl

ql þ rdava ð14Þ

Dry air density rda in an unsaturated soil is related to air pressure, temperature and vapour
density:

rda ¼
pa

RdaTK
�

Rv

Rda
rv ð15Þ

where Rda is the gas constant of dry air.
In a non-isothermal unsaturated soil medium, assuming thermal equilibrium is maintained

between different phases, the total heat flux ðqT Þ is due to heat conduction, heat convection and
latent heat transfer, and can be expressed as

qT ¼ �l0rT þ qlClT þ qvCvT þ qdaCdaT þ L0qv ð16Þ

where l0 is Fourier thermal conductivity of the unsaturated medium, Cl; Cv and Cda are the
gravimetric specific heats of liquid water, water vapour and dry air respectively, L0 is latent heat
of evaporation at the reference temperature T0:

The heat energy balance can be described by

@F
ð1þ e0Þ@t

� ðT þ T0ÞKB2
@ev
@t

¼ �rqT ð17Þ
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where F is the heat content of a representative element ðspecific volume ¼ 1þ eÞ of the medium,
and can be expressed as

F ¼frsCs þ rlClð1þ eÞyþ rvCv½e� ð1þ eÞy� þ rdaCda½e� ð1� H Þð1þ eÞy�gT

þ L0rv½e� ð1þ eÞy� þ rlð1þ eÞyW ð18Þ

The second term in Equation (17) is the heat sink due to thermal expansion of the medium.W
is the differential heat of wetting associated with the exothermic process of wetting of the porous
medium.

The final mass balance equation for water (include liquid water and vapour water) can be
written as

ðL11 þ L21Þ
@ev
@t

þ ðL12 þ L22Þ
@pc

@t
þ ðL13 þ L23Þ

@pa

@t
þ ðL14 þ L24Þ

@T
@t

¼ r½ðrlkl þ Dn

1Þrpc� þ r½ðrlkl þ rvka þ Dn

2Þrpa� þ rðDn

3rT Þ

þ r½rlklrðrlgzÞ� ð19Þ

The mass balance equation for dry air is

L31
@ev
@t

þ L32
@pc

@t
þ L33

@pa

@t
þ L34

@T
@t

¼rðHrdaklrpcÞ þ r½rdaðka þ HklÞrpa�

þ r½HrdaklrðrlgzÞ� ð20Þ

Finally the heat energy balance equation is

L41
@ev
@t

þ L42
@pc

@t
þ L43

@pa

@t
þ L44

@T
@t

¼ r½Dn

c2rpc þ Dn

a2rpa þ Dn

T2rT þ ðClrl þ CdardaH ÞklTrðrlgzÞ� ð21Þ

where Lij; Dn
1 ; Dn

2 ; Dn
3 ; Dn

c2; T n
a2 and Dn

T2 are given in Appendix A.
Equations (7), (19)–(21) are a set of fully coupled governing equations for the

thermohydromechanical behaviour of unsaturated soils expressed in terms of deformation,
capillary pressure, air pressure and temperature. The non-linear nature of the governing partial
differential equations makes it very difficult to obtain an analytical solution to these equations
even for simple boundary conditions. However, numerical techniques (e.g. finite element and
finite difference methods) can be used to obtain approximate solutions to problems with general
initial and boundary conditions. In the following, the finite element method is used to solve the
governing equation for the problem of interest.

3. MASS CONSERVATIVE FINITE ELEMENT SCHEME

Moisture and heat transfer in a landfill liner can usually be idealized as a one-dimensional
problem. Consequently, a mass conservative finite element technique is developed in this section
to obtain solution to the governing simultaneous equations. Vertical displacement ðuÞ; capillary
pressure ðpcÞ; air pressure ðpaÞ and temperature increase ðT Þ are chosen as basic variables.

Application of the virtual work principle to the force equilibrium equation (7) and Petrov–
Galerkin method to mass balance equations (19), (20) and the heat energy balance equation (21)
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yield the following general matrix form of the finite element equations:

G11 G12 G13 G14

G21 G22 G23 G24

G31 G32 G33 G34

G41 G42 G43 G44

2
666664

3
777775

’uu

’ppc

’ppa

’TT

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ

0 0 0 0

0 K22 K23 K24

0 K32 K33 0

0 K42 K43 K44

2
666664

3
777775

u

pc

pa

T

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼

’FF1

F2

F3

F4

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

ð22Þ

The coefficient matrices G and K depend on nodal variables. Gij; Kij and Fi ði ¼ 1; . . . ; 4; j ¼
1; . . . ; 4Þ are given in Appendix B.

In order to obtain time domain solutions, the following single step time integration is
introduced: Z t2

t1

xðtÞ dt ¼ ðx1 þ xDxÞDt ð23Þ

Z t2

t1

’xxðtÞ dt ¼ Dx ð24Þ

where t1 and t2 are two time instances, Dt ¼ t2 � t1 is time interval, x indicates interpolation
scheme: x ¼ 0; forward interpolation (fully explicit); x ¼ 0:5; linear interpolation (Crank–
Nicolson), and x ¼ 1; backwards interpolation (fully implicit). Dx ¼ x2 � x1 ¼ xðt2Þ � xðt1Þ:

Integration of Equation (22) using integration schemes (23) and (24) results in

G11 G12 G13 G14

G21 G22 þ xDtK22 G23 þ xDtK23 G24 þ xDtK24

G31 G32 þ xDtK32 G33 þ xDtK33 G34

G41 G42 þ xDtK42 G43 þ xDtK43 G44 þ xDtK44

2
666664

3
777775

Du

Dpc

Dpa

DT

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼ �Dt

0 0 0 0

0 K22 K23 K24

0 K32 K33 0

0 K42 K43 K44

2
666664

3
777775

ut1

pt1
c

pt1
a

T t1

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ Dt

0

F t1
2

F t1
3

F t1
4

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ

DF1

xDtDF2

xDtDF3

xDtDF4

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

ð25Þ

In the current study, x is chosen as 1 and lumped mass matrix is used to obtain stable
solutions. ut1; pt1

c ; pt1
a ; T t1; F t1

2 ; F t1
3 and F t1

4 are values of u; pc; pa; T ; F2; F3 and F4 at time
t1: At every time step, an iterative procedure is used to update coefficient matrices in Equation
(25) and solve for the increments of basic variables until the relative errors are within the
specified limit.

From Equation (2), the time derivative of water content ðyÞ consists of three terms:

@y
@t

¼ B3
@sn

@t
þ B4

@pc

@t
þ B5

@T
@t

ð26Þ

where

B3 ¼
@y
@sn

; B4 ¼
@y
@pc

; B5 ¼
@y
@T
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Since mass balance errors in numerical solutions of pressure-based flow equations for
isothermal rigid medium are attributed to the expansion of the time derivative of water
content (or saturation) [24,25,27,28], it can be expected that the evaluation of B3; B4;
and B5 with analytical derivatives of water content cannot satisfy mass balance when the
water retention curve of an non-isothermal deformable medium [Equation (2)] is non-
linear. In other words, the tangent approximation of B3; B4 and B5 can be considered non-
conservative. Mass-conservation is a necessary condition for numerical accuracy. In the
following, two mass-conservative numerical techniques are developed to achieve better
results. One is mass-conservation within each element, another is mass-conservation at each
node.

3.1. Numerical scheme for mass-conservation within each element

Using the following interpolations to discretize Equation (26) for each element:

Dty ¼
dy
dt

¼
XNN
j¼1

NjDtyj ð27Þ

B3Dtsn ¼ B3
dsn

dt
¼

XNN
j¼1

B3jNjDtsn

j ð28Þ

B4Dtpc ¼ B4
dpc

dt
¼

XNN
j¼1

B4jNjDtpcj ð29Þ

B5DtT ¼ B5
dT
dt

¼
XNN
j¼1

B5jNjDtTj ð30Þ

The finite element form of Equation (26) becomes

Z
O
NiNj dO

Dty1

..

.

DtyNN

8>>><
>>>:

9>>>=
>>>;

¼
Z
O
B3jNiNj dO

Dtsn
1

..

.

Dtsn
NN

8>>><
>>>:

9>>>=
>>>;

þ
Z
O
B4jNiNj dO

Dtpc1

..

.

DtpcNN

8>>><
>>>:

9>>>=
>>>;

þ
Z
O
B5jNiNj dO

DtT1

..

.

DtTNN

8>>><
>>>:

9>>>=
>>>;

ð31Þ

where NN is number of nodes in an element, O is the element domain, Dtð Þ ¼ dð Þ=dt; Ni

ði ¼ 1; . . . ;NN Þ is interpolating function. B3j; B4j and B5j are values of B3; B4 and B5 at
node j:
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In order to preserve liquid water mass balance, the values of parameters B3j; B4j and B5j have
to satisfy Equation (31). One approach that satisfies this requirement is introducing a correction
factor fc as follows:

Z
O
NiNj dO

Dty1

..

.

DtyNN

8>>><
>>>:

9>>>=
>>>;

¼
Z
O
fcj *BB3jNiNj dO

Dtsn
1

..

.

Dtsn
NN

8>>><
>>>:

9>>>=
>>>;

þ
Z
O
fcj *BB4jNiNj dO

Dtpc1

..

.

DtpcNN

8>>><
>>>:

9>>>=
>>>;

þ
Z
O
fcj *BB5jNiNj dO

DtT1

..

.

DtTNN

8>>><
>>>:

9>>>=
>>>;

ð32Þ

where

*BB3j ¼
B3j

fcj
¼

yjðs*
t2
;pt1

c ; T
t1Þ � yjðs*

t1
;pt1

c ; T
t1Þ

s*
t2 � s*

t1 ð33Þ

*BB4j ¼
B4j

fcj
¼

yjðs*
t1
;pt2

c ; T
t1Þ � yjðs*

t1
;pt1

c ; T
t1Þ

pt2
c � pt1

c

ð34Þ

*BB5j ¼
B5j

fcj
¼

yjðs*
t1
;pt1

c ; T
t2Þ � yjðs*

t1
;pt1

c ; T
t1Þ

T t2 � T t1
ð35Þ

and s*
tj
;ptj

c and T tj ðj ¼ 1; 2Þ are values of sn; pc and T at time instance tj:
At every time interval in the finite element analysis, the left-hand side of Equation (32) is

taken as known, and on the right-hand side only the values of fcj ðj ¼ 1; . . . ;NN Þ are unknown.
Therefore fcj can be solved from the NN equations (32). Finally, B3j; B4j and B5j can be obtained
from Equations (33)–(35). The use of these parameters in the finite element equations (25) serves
to preserve the liquid water mass balance within each element. This is a necessary condition for
obtaining accurate results, since failure to preserve mass balance could result in the
accumulation of significant errors [25,28].

If one were to neglect the effect of deformation and temperature on the water retention curve,
this approach could be reduced to the non-traditional mass balanced finite element chord slope
scheme (fecs) proposed by Abriola and Rathfelder [25] as a special case.

3.2. Numerical scheme for mass-conservation at each node

From Equation (26), water content variation at node j can be approximated as

Dyj ¼ B3jDsn

j þ B4jDpcj þ B5jDTj ð36Þ

Substitution of Equations (33)–(35) into (36) gives

yjðs*
t2;pt2

c ;T
t2
Þ � yjðs*

t1
;pt1

c ; T
t1Þ ¼ fcj½yjðs*

t2
;pt1

c ; T
t1Þ þ yjðs*

t1
;pt2

c ; T
t1Þ

þ yjðs*
t1
;pt1

c ; T
t2Þ � 3yjðs*

t1
;pt1

c ; T
t1Þ� ð37Þ
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therefore, fcj can be calculated as

fcj ¼
yjðs*

t2
;pt2

c ; T
t2Þ � yjðs*

t1
;pt1

c ; T
t1Þ

½yjðs*
t2
;pt1

c ; T
t1Þ þ yjðs*

t1
;pt2

c ; T
t1Þ þ yjðs*

t1
;pt1

c ; T
t2Þ � 3yjðs*

t1
;pt1

c ; T
t1Þ�

ð38Þ

Finally using Equations (33)–(35) to calculate B3j; B4j and B5j: It is noted that the
approximations of B3j; B4j and B5j are continuous between elements and can be easily updated
on a node-by-node basis.

In Equations (33)–(35), it is assumed that B3j; B4j and B5j have the same correction factor fcj:
However, when one considers the different levels of water content non-linearity with respect to
stress, capillary pressure and temperature, it could also be appropriate to assign a different
weight to the correction factors for B3; B4 and B5:

In addition to liquid water mass balance, the mass balance of soil medium also needs to be
maintained. This can be achieved by adopting a similar procedure to that described above to
evaluate the coefficients K; B1 and B2:

4. NUMERICAL RESULTS

A finite element program was developed to implement the theory described above. This
section presents solutions to three types of problems to demonstrate the salient features of the
program: (1) isothermal infiltration, (2) heat conduction, and (3) non-isothermal water
and heat transport in a rigid media. Comparisons are made with results from the literature to
validate the program and verify the accuracy of the numerical technique. The fully coupled
features of the theoretical model and the effects of temperature increase on desiccation and
possible cracking due to tensile stresses in CCLs and GCLs will be further explored in a separate
paper [29].

4.1. Isothermal infiltration into a dry soil

This problem involves vertical moisture infiltration into a 0:6 m dry soil column under constant
surface ponding. The water retention curve for the soil is given by

y ¼ yr þ
ys � yr

ð1þ jacjnÞm
; yr4y4ys ð39Þ

where the residual water content yr ¼ 0:102; the saturated water content ys ¼ 0:368; n ¼ 2 and
m ¼ 0:5: The hydraulic conductivity of the soil is given by

Kl ¼ Ksat
f1� ðjacjnÞn�1½1þ ðjacjnÞ��mg2

ð1þ jacjnÞm=2
ð40Þ

where the saturated hydraulic conductivity of the soil Ksat ¼ 9:2� 10�5 m=s; a ¼ 0:0335 and
c ¼ pc=ðrlgÞ is the capillary potential head.

The initial and boundary conditions are defined by

cðz; t ¼ 0Þ ¼ �10m

cðz ¼ 0; tÞ ¼ cbottom ¼ �10m

cðz ¼ 0:6m; tÞ ¼ �0:75m

ð41Þ
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The finite element solutions were obtained using 400 one-dimensional two-node elements of
equal sizes. The initial time step was selected to be 0:1 s: This was increased when the number of
iterations required for convergence dropped to less than 4. The maximum time step was 720 s:

Figure 2 shows the capillary potential distribution with the depth after 6 h: The three curves
shown are: (1) the traditional finite element solution (tangent solution, not mass conservative),
(2) the mass conservative finite element solution (present solution), and (3) semi-analytical
solution (true solution) developed by Philip [30]. It can be seen that mass conservative finite
element solution significantly improves the accuracy and agrees very well with the true solution.

4.2. Heat conduction in a slab

This example is to test the applicability of the model for heat conduction. The problem involves
5 m long slab with an initial uniform temperature of 208C; thermal conductivity l ¼ 2:89
W=ðm3KÞ; and volumetric heat capacity C ¼ 3:2� 106 J=ðm3K). All other heat transport
coefficients were set to zero. The boundary conditions are 508C at one end and 208C
(unchanged) at the other end. The finite element solution was obtained using 100 uniform
elements.

Figure 3 compares variation in temperature with time calculated from the finite element
solution with the analytical solution [31] at three different locations ð0:1 m; 1:0 m; 3:0 mÞ:
There is excellent agreement with the analytical solutions at all the locations over the entire time
period.

4.3. Non-isothermal water and heat transport in a rigid media

The water retention curve and hydraulic conductivity for a clay liner at a reference temperature
ðT0Þ can be described by van Genuchten–Mualem functions [14,32,33] as

y ¼ yr þ
ys � yr

ð1þ jacjnÞm
; yr4y4ys ð42Þ

kl ¼ ksat
½ð1þ jacjnÞm � jacjn�1�2

ð1þ jacjnÞmðlþ2Þ ð43Þ

where yr is residual water content, ys is saturated water content, l; m and n are fitted
parameters, and m ¼ 1� 1=n; cð¼ pc=rlgÞ is capillary potential head at the reference
temperature. ksat is the saturated mobility of liquid water in the porous media.

It has been suggested that temperature influences the water retention curve due to changes in
surface tension, as well as changes in friction angle and soil texture [34]. However, in this
example, due to limited experimental data, the effect of temperature on the water retention curve
is considered through matric potential head correction. Therefore, for the non-isothermal
unsaturated soil, the water retention curve can still be described by Equation (42), except that
the variable c replaced by C which represents a temperature corrected potential head which is
assumed to be a function of capillary potential head and temperature [35]:

C ¼ c exp½�CcT � ð44Þ

where Cc is the temperature coefficient of water retention ð8C�1Þ:
If the temperature dependence of water retention is only due to the change in surface tension

then: Cc ¼ �0:002 8C�1 [12,14,15]. However, it is reported that, the surface tension model
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generally underestimates observed values of Cc by up to a factor of 8 [14,15,36]. Considering
this factor, Scanlon and Milly [37] used Cc ¼ �0:0068 8C�1 in their study which produced
reasonable results.

Figure 2. Capillary potential distribution after 6 h:

Figure 3. Comparison of finite element solutions with analytical solutions for heat conduction.
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The mobility coefficient of water due to temperature change is given by [14]

kl ¼ ksat
½ð1þ jaCjnÞm � jaCjn�1�2

ð1þ jaCjnÞmðlþ2Þ ekT ð45Þ

where k is the temperature coefficient of hydraulic conductivity. It should be noted that this
approach may underestimate the sensitivity of hydraulic conductivity to temperature by a factor
of 2 or 3 [38].

4.3.1. Non-isothermal drying of a mineral liner without infiltration. This example is to simulate
the drying of the mineral base liners of a waste disposal site under the influence of a temperature
gradient and has been selected because it has been previously examined by Schmidt and Bohne
[39] and D .ooll [15]. Following the earlier work, the barrier system was assumed to consist of two
layers: 0:6 m of compacted soil liner on top of a 0:5 m sandstone layer. The groundwater table is
located at the bottom of the sandstone layer. The initial conditions are uniform matric potential
head of �0:2 m and uniform temperature of 108C in the soil medium. The temperature is then
suddenly increased to 358C at the upper boundary and to 288C at the lower boundary. The top
of the liner is impermeable (e.g. simulating the presence of a geomembrane). The material
properties of the soil medium are given in Table I, and thermal properties can be calculated
according to Appendix A.

This problem was solved using 55 uniform elements. The initial time step was set as 0.001 day.
Figure 4 shows capillary potential head variation with depth after 7 years. Figure 5 shows
volumetric water content variation with depth after 7 years. The solutions obtained by Schmidt
and Bohne [39] and D .ooll [15] are also shown in Figures 4 and 5 for comparison. The present
finite element solution is close to the other two solutions, except on the very top area where the
present solution shows less loss of water. This difference could be a consequence of the different
numerical methods adopted. Schmidt and Bohne [39] used a mixed finite element method, and
D .ooll [15] used the finite difference method.

5. CONCLUSION

The objective of this paper was to develop a model capable of simulating the coupled heat-
moisture-air transport in deformable unsaturated landfill liner system while adopting non-linear
constitutive relationships. The governing equations for force equilibrium, water and air mass
balance, and heat energy balance were derived in terms of displacement, capillary pressure, air
pressure and temperature, and solved using the finite element method. Mass conservative
numerical schemes were developed to improve the accuracy of numerical modelling. The model

Table I. Material properties of the soil medium [14].

Soil yr ys að1=mÞ N L Ksat (m/s) fQ fAM yk

Mineral liner 0.05 0.315 0.00058 1.05 0.5 1:4� 10�9 0.2 0.8 0.1
Sandstone layer 0 0.33 0.00054 1.32 0.5 8:1� 10�8 0.5 0.5 0.1

fQ: volume of quartz per volume of soil solids. fAM: volume of other minerals per volume of soil solids.
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was tested against three types of problem and shown to provide good results. These test results
have demonstrated that the current model is a general and fully coupled model, suitable for
many different analyses, such as isothermal or non-isothermal, saturated or unsaturated,
deformable or undeformable media.

Figure 4. Capillary potential profile in a liner due to non-isothermal drying after 7 years.

Figure 5. Water content distribution with depth after 7 years.
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A subsequent paper will describe the application of this model to study the fully coupled fields
in two types of composite landfill liner. The stress and deformation are simultaneously
calculated to facilitate the study of desiccation cracking, and a series of sensitivity analyses are
presented for various parameters, such as hydraulic conductivity and thickness of the liner, to
evaluate their effects on the service performance of the liner.

APPENDIX A: VARIABLES USED IN THE EQUATIONS

L11 ¼ rlðyþ B0
3Þ; L12 ¼ rlB

0
4 þ rl0bly; L13 ¼ rl0bly; L14 ¼ rlB

0
5 � rl0aly

L21 ¼ rvð1� y� B0
3Þ; L22 ¼ �rvB

0
4 þ ðn� yÞ

Dn
1

Dn

L23 ¼ ðn� yÞ
Dn

2

Dn
; L24 ¼ �rvB

0
5 þ ðn� yÞ

Dn
3

Dn

L31 ¼ rda½1� ð1� H Þðyþ B0
3Þ�; L32 ¼ �fð1� H ÞrdaB

0
4 þ ½n� ð1� H Þy�

RvDn
1

RdaDn

L33 ¼ ½n� ð1� H Þy�
1

RdaTK
�

RvDn
2

RdaDn

� �

L34 ¼ � ð1� H ÞrdaB
0
5 þ ½n� ð1� H Þy�

pa

RdaT 2
K
þ

RvDn
3

RdaDn

� �� �

L41 ¼ yþ B0
3 1�

y
dS

� �� �
Hw

d
e�y=dS � ðT þ T0ÞKB2 þ ClTL11 þ ðL0 þ CvT ÞL21 þ CdaTL31

L42 ¼ B0
4 1�

y
dS

� �
Hw

d
e�y=dS þ ClTL12 þ ðL0 þ CvT ÞL22 þ CdaTL32

L43 ¼ ClTL13 þ ðL0 þ CvT ÞL23 þ CdaTL33

L44 ¼ ðrCÞnm þ B0
5 1�

y
dS

� �
Hw

d
e�y=dS þ ClTL14 þ ðL0 þ CvT ÞL24 þ CdaTL34

Hw; d and S are material properties related to differential heat of wetting W [35].

B0
3 ¼B3K; B0

4 ¼ B4 � B1B3K; B0
5 ¼ B5 � B2B3K

Dn

c2 ¼ðrlklCl þ Dn

1Cv þ CdaklrdaH ÞT þ L0Dn

1

Dn

a2 ¼ ½rlklCl þ ðrvka þ Dn

2ÞCv þ Cdardaðka þ klH Þ�T þ L0ðrvka þ Dn

2Þ

Dn

T2 ¼Dn

3ðL0 þ CvT Þ þ l0 ¼ Dn

3ClT þ l

Density of saturated water vapour r0 is given by [40]

r0 ¼ 0:001 expð19:819� 4975:9=TKÞ ðkg=m3Þ
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Diffusion coefficient Dn in the porous medium can be expressed as

Dn ¼ f ðyÞtDatmðT ;paÞ

where f ðyÞ is effective porosity for vapour diffusion given by [12]

f ðyÞ ¼

np y4yk

ðnp � yÞ 1þ
y

np � yk

� �
y > yk

8><
>:

np is porosity.
t is tortuosity given by [41]

t ¼ ðnp � yÞ0:66

Datm is vapour diffusion coefficient in free air given by [42]

Datm ¼ 2:17� 10�5 101326

pa

TK
273:15

� �1:88

ðm2=sÞ

Dn

1 ¼ f ðyÞtDatmrv
1

rlRvTK
�

pcrl0bl
r2l RvTK

� �

Dn

2 ¼ � f ðyÞtDatm
rvpcrl0bl
r2l RvTK

Dn

3 ¼ FvxðyÞf ðyÞDatm h
dr0
dT

�
rvpc

rlRvT 2
K
þ

rvpcrl0al
r2l RvTK

� �

xðyÞ is the temperature gradient ratio accounting for the fact that temperature gradient in
gas(air)-filled pores is larger than the bulk temperature gradient, which enhances vapour
transport.

According to de Vries [43] and Milly [35]:

xðyÞ ¼

k2P5
i¼1 kiyi

y5yk

1þ
xðykÞ � 1

yk
y y5yk

8>>><
>>>:

and

ki ¼

2

3

1

ðli=l� 1Þgi
þ

1

3

1

1þ ðli=l� 1Þð1� 2giÞ
i ¼ 2; 3; 4; 5

1 i ¼ 1

8><
>:

yk is minimum water content where liquid continuity exists, gi is shape factor of the
corresponding soil constituents (see Table AI).

lv ¼ DatmLðT Þ
@rv
@T

����
pc
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Lð08CÞ ¼ 2:5016� 106 J=kg

LðT Þ ¼ Lð08CÞ � ðcl � cvÞT ¼ 2:5016� 106 � 2330T J=kg

Effective thermal conductivity l can be calculated by [43]:

lðyÞ ¼

P5
i¼1 kiyiliP5
i¼1 kiyi

y5yk

lð0Þ þ
lðykÞ � lð0Þ

yk
y y5yk

8>>><
>>>:

lð0Þ ¼ 1:25
npla þ

P5
3 kiyili

np þ
P5

3 kiyi

and ki determined as above, but with l2; not l1:

APPENDIX B: COMPONENTS OF MATRICES G, K, F

G11 ¼
Z
O
BTDB dO; G12 ¼ �

Z
O
BTKB1m

TN dO;

G13 ¼ �
Z
O
BTmTN dO; G14 ¼ �

Z
O
BTKB2m

TN dO

G21 ¼
Z
O
NTðL11 þ L21ÞmB dO; G22 ¼

Z
O
NTðL12 þ L22ÞN dO

G23 ¼
Z
O
NTðL13 þ L23ÞN dO; G24 ¼

Z
O
NTðL14 þ L24ÞN dO

G31 ¼
Z
O
NTL31mB dO; G32 ¼

Z
O
NTL32N dO

G33 ¼
Z
O
NTL33N dO; G34 ¼

Z
O
NTL34N dO

Table AI. Volumetric heat capacities, thermal conductivities and shape factors of the five soil constituents
[15].

Constituent i ci½J=ðm3KÞ� Ci½J=ðm3KÞ� li½W=ðmKÞ� gi

Liquid water 1 4:19� 103 0.57
Air + vapour 2 1:86� 103 la þ lv ¼ 0:025þ lv 0:035þ 0:298y=np
quartz 3 2:0� 106 8.8 0.125
Other minerals 4 2:0� 106 2.0 0.125
Organic matter 5 2:5� 106 0.25 0.5
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G41 ¼
Z
O
NTL41mB dO; G42 ¼

Z
O
NTL42N dO

G43 ¼
Z
O
NTL43N dO; G44 ¼

Z
O
NTL44N dO

K22 ¼
Z
O
rNTðrlkl þ Dn

1ÞrN dO; K23 ¼
Z
O
rNTðrlkl þ rvka þ Dn

2ÞrN dO

K24 ¼
Z
O
rNTDn

3rN dO; K32 ¼
Z
O
rNTHrdaklrN dO

K33 ¼
Z
O
rNTrdaðka þ HklÞrN dO; K42 ¼

Z
O
rNTDn

c2rN dO

K43 ¼
Z
O
rNTDn

a2rN dO; K44 ¼
Z
O
rNTDn

T2rN dO

F1 ¼
Z
G
NTt dG; F2 ¼

Z
G
NTðql þ qvÞ dG�

Z
O
rNTrlklrðrlgzÞ dO

F3 ¼
Z
G
NTqda dG�

Z
O
rNTHrdaklrðrlgzÞ dO

F4 ¼
Z
G
NTqT dG�

Z
O
rNTðClrl þ CdardaH ÞklTrðrlgzÞ dO

where m ¼ h1 1 0i for 2-D condition, and h1i for 1-D condition.
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