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ONE-DIMENSIONAL ADVECTIVE-DISPERSIVE
TRANSPORT INTO A DEEP LAYER HAVING
A VARIABLE SURFACE CONCENTRATION
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SUMMARY

Two analytic closcd fvrm solutions Tor lhe one-dimensional advection—lispersion egualion arc pressnled.
These solutions iake account of changes in suriace ¢concenlration wilh lime as mass is transporied into
the soil. The Orst solulicon is developad Ior the case of rapid landfill eonstruclion. The sccond -solution
considers a lime-dependent mass inpet te the landfilL The use of these solutions is illustrated by & pumber
ol exainples atd it s shown that consideration of the Onite 1nass of contaminant within the landhll can
sgrilicantly uffect the coucentralion profilcs bensall the Tandlil.

INTRODUCTION

The cvaluation and design of land/ills and ouher waste disposal siies generally roquires a
considerarion ol the potential imcrease in the concentration ol dissolved conlaminanls within
the groundwaler benpeatl the land(ill,

A tradivonal approach (o the predicion of concentration probiles is 1o solve the adveelion-
dispertion cguition (sce, [or example, References 1-3). Finile clemenl and [pitc difference
lcchimiques have been cxlensively used [or this purpose (see, [or example, Reference 43 Althouwgh
such melhods give reasonable mesuls, the compulational ellortinvoived s quite large, particularly
il i proves necussary (o caleulaw concentration proliles al large times, Special care 15 also
required {0 avoid numerical inaceuracies. More recently, Rowe and Booker® ™7 have developed
a semi-analylic lechnique, applicable (o 4 wide ranpe of practical boundary comlitions [or one-,
Lwo- apnd tiree-limensional problems which avoids these dillicultics.

Allhough these techniques reduce the compulalional ellorl necessary o obiain the con-
centralion disiribution. like [ntle clement and finite dilference approaches, they also require
dceess Lo i compuler and some koowledge of numerical analysis. For cownplex problems, there
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is, ol course, no alrernalive [0 wdopling one of these compuler meLthods. However, lor simpler
prioblems, analytic selutions which can be used witlour a computer or koowledpe of numerical
analysis are to ke prelerred.

In many praclical siluations, the mass lransport of conlamingnl is essentially ooc dimensional
and the deposil is relatively homopcneous and suiliciently deep Lhal over Lhe Lime range of
interesl. the deposil may be considered Lo be a hallypace. In such cases, it may be possibie Lo
find an analytic solution Lo the governing eguations. For cxampls, Ogata® cduvcloped an anatylic
solution for the one-dimensional adveclive Lrangporl in a halispace with o sarface concentralion
which did not vary with lime. This resulr lias been extensively vsed in the merpretation of [eld
and laboralory dals Numcrous other solulions have been developed. For example, Lindstrom
and Nagasimhan® solved the initial value problem of mass mansport of a Lrace concenlration
of & previowsly dislribuled chemicul in a water-salurated porous melium, while Lindstrom®®
presenled a mathemalical model for U palsced dispersion of & irace chomici! in a water-saturaled
sorbing porous medivm. These solulions have many practical wpplications, however, Lhey do
nol cover the sitluation where Lhe sonree concenlralion varies with lime due 1o the placing of a
landGl over a linile perind of time or, more importanily, due 1o 1nas lransport of contaminanl
from a land[ll into Lhe nadetlving sonl.

This paper develops an analytic closed Torm solution lor Lhe sdyvestion- dispersion equarion
which accounts Jor such factors. In parricular, solutions are developed for 4 homogeneons
hallspace where {a) the surfaoe concenlralion vares will lime due Lo tnass Lransporl inlo Lhe
soil, and (b)) Lhe surface concenleation varics because the mass inpul inle e landlill varcs
linearty wilh tine, while af the same line Where s mass transporl into e deposil,

The solutions are presentesd in a forn whicl may readily be wsed by practisiog engineers and
proundwater hydrologisls and the importanl effects and practical implicabons are illustrated.
The glosed form selulton may alse be usclul [or valicdaling Onite elemenl and Gmite difference
codes and assacitted numerical procedures.

GOVERNING EQUATIONS

For one-dimensional Fickian lransport ol a single conlaminent spoiies, the mass Qux [ in the
z direclion is given by

j'=rwr—nﬂ% (1)

whers ¢ is Lhe increase in concentration above lhe equilibrium slate, ks the sonl porosily, & s
the cocllicient of hydrodynamic dispersion, and v is the scepage velocity.

Asseming thal there is equililrium contralled wn cxchange and thal the concenlralion of one
of the exchanpe ions 35 relatively low, the difierenlial equalion governing mass ransport of
conlaminanl (ncluding the clfict of knear sorplion) iy given by
af e ,
— 4+ pK—=0 P
o, i+ Ko (2)
wliere g iy the bulk densily al salid and K is a distribulion coefficient which may be delerminsd
experimentally for a given soil and solute specics (assuming linear adsorption).

Equations (1), (2] can be solved by introducing 4 Luplace transform

- ‘Wc-”c[z,r}d: {3
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N g then Tound Lhat

e @ PEY
DF—E{,]Z—(J.‘F-%[ )-’i'.—-ﬂ {4}

Il is comvenient now Lo inlroduce the quanlilies

Lthen it is readily shown Uial equation {4) has the solulion

F=Xe* 4 Ve (8)
where

A=yla—g)

p=1ylw 4+
and

E=ls+ &) (branch with & positive real part)

and X, ¥ art to be delermined from Lthe boundary condilinns.

For problems involvipg the ballspace (z = ), il is clegr thal |be concentralion must remain
bounded [or farge valuey of z and so the coclficlent ¥ must vaaish. 'Thiz means that equalion (6)
may be wrillen

E'—_Cr-]r'ﬂh ETJ

wliete ¢ denotes the concenlrslion al Lhe surace of the hallzpace.
It is also possible Lo [ind a relalion beiween Lhe Tux [ enicring the halispace and the surfuce
concentralion [rom cquations (1L {7) and it is found thal:

T = nDyey ®

ADVECTIVE INSPERSIVE TRANSPORT INTO
A HOMOGENEOUS HALLFSPACE

The theory developed in the previous section will now be used to develop the solution for
advective-dispersive Lransport into a homogeneous halfspace lor the problem shown in
Figure 1.

Lanilhilly are of nile exient and have 4 mited actve Lk, Typically, landhills ave conslrucled
in cclls. Decomposition will commenee immediately aller comstruction ol & particular ¢ell, and
for 3 period of time {which will depend upon the specilic condivons) the concenttation of a
parlicular contaminanl in the leachaic will fncrease until a maximum is reached. This process
may lake several years and can be modelled, vsing superposilion, il the delails arc known
However, il the landnll is construcled o a clay deposit or clay liner, the time o reach peak
concenttation is oftcn small cornpared with the lime scale imposed by Lhe slow pollutanl migralion
through the elay.

Il the imiial disiribution of contaminant within e landfll 5 known, lhen the subsequent
spatial and lemporal varialion in concentralion of conlaminaat Both within the landQll and the
urclerlying soil could be modelled by Lrealing the landill and soil as dillerent layers having
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Figure 1, Problent idealiaulion

appropriale properties. This siluation may be analysed using the semi-analyliciechnigue proposed
by Rowe and Dooker.” However. in many practival situalions, the initial disidbulion of
contantinant in the landfil wili be helerogengous and il will sol be possible Lo preciscly define
this disttibution of containingnl because of Lthe random nalure of ils placement togelher with
subsegquent indeterminani adveclive--dispersive mixing which occurs in many landhlls. In these
cases, enginecring judgement is required 1o nssess reasonahle bounds on the likely mass of Lhe
conlawinant in the landfll and in view ol this uncertainly g sophislicaled numerical analysis
inay nal be appropriate, particulurly in preliminacy design. T those cases it would be desirable
Lo have a simple closed [orin solution whicl could be readily wsed in prelipinary sensilivity
sludies.

A closed Jorm apalylic solution which gives (the spalial and temporal vartalion in conlaminani
cancentrate within the soil bencath a Tandhill can be derived provided thar we are only concerned
with the averape coneenlralion of confamiaall within the land(ll ilsel at any particular |ime,
This lype of model, which znores e spalial varation of conceniralion wilhin a reservoir (in
this case the [and]iil), has beco termed a lunped-parameier model*! and has lound pood pracrical
application in other greas of waler research (see, for example, Reference 12} The adoption of 2
lumped-purameler mndel is equivalent to considering the limil as Lhe diffiusion--dispersion
vocllicien, within the reservoir (laadBI) tends to infnigy. This gives rise o 2 conrcenirarion
gradicnt within the landill which wends lo zero. IL should be noted. bowever, that the produet
of the inlinire coeMaicnt of disparsion-<lilfusion and »vro concentralion gradicnt within Lhe
landGll gives rise Lo a finite non-zero limil and henee there will be bath diffusive—disperstve and
advective transport from Lhe landfill into the underlying clay. Thas continuily of Mow, Mux and
concentration at the landiill-soil inlgrlace (z = 0) pives;

wrote=neo ' f%a)

dr Je
n'*u*c—n*ﬂ*(—) "——nuc—nﬂ(ﬂ(-)
a2 Mow s iz

where & < l. and the supersenipl 4+ denoles properties of the landlill, and the subscripl T
denotes Lhe Mux at the landlil-seil interlace (z =0)
Copaldering this sitvation, suppose thal at lime ¢ =0, a Inagy M, of the contaminant species

=frlt] (9b)

L
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ol inlerest overlies 4 surface area 4 ol a deep homogencous layver and 1hat no further merease
in mass of conlaminanl ovewrs alter tus cime, For the sake of simplicity, it will 2lso be assumed
thal prownd] waler coolibrivin has been reached in the landRll so thal the lime- average volume
ol leachale ¥ remains essenlially conslunt. Under these circemslances, a consideralion of inass
balance shows Lhal

e}V = M, — A J Frlt)dr [10u)
Q

where the subscripl T indicaies. as belore, (e sueface value ol the variable. Equation (10) stmply

says Lliar the mass of contuminant in the landlll at time ¢ is equal Lo the initial mass of

contaminani less Lhe mass Lransporled inlo the seil between Lime vero and Ume 1.
Equalion (10a) ina¥ be wrilten in the allernalive [orm:

t [
cptl=my —— | fefmhdr {10k}
el
where Hy=F/A4 is he equivalenl heighl ol conlaminant, and w,= M,V is the initial
concentration of contaminant in Lhe landfll. We notice in passing tliad the surface concentraliom
will rematn constant when H , — ac.
Taking a Laplace translorm of equation {10b) gives

c o o T“J_ {11)
T 5 HHJ-
T'lis can be rewrillen as
i
fomn 8¢ (12)
a—bA\EE+al L+ B
i1 which
poE
H;

Tnversien of Lhe Laplace ransformt? in (12) then gives Lthe Ume-dependent varialion in surface
concenlralion, viz,

eplt) = i” IR L INURE U END) {13a)

where
=t

ey =cerle(p /1) (p=aor k) (i3]

The varialien i concenlralien wilh deplh and lhme can be oblained by combining (7), (8) and (11}
Lo give
gt (142)
4 r:
Hy
which can then be expressed in the form

E—r._..‘ie_?“.[ ae " E"E_"q} {14b)
@ b FEva)  EEFD

€
Ch

He
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where k= vz
Inveriling (14b} then pives the complele salulion, viz.

g atr
e ) = 22— [af (e )~ b (6, 0] (153)
wlere
Mg, 1= e""*“'”&rlc(th W] ) g = or h {15b)
Iiweallow I} — oo 50 that the surface eonceniration is constany, we find that b = — gand equation

{13) reduces lo the Cauta® solution,

ADYECTIVE DISPERSIYE TRANSPORT INTO A HOMOGENEDOUS
HALFSPACE WITIT YARTABLL MASK INPUT

Suppose pow Lthal the mass inpul onlo e Tandfill i vanable, so Lhal alter an elapsed thne ¢ mass
ML) has been dumped. TLis now cusy to eslablish thal

el = ext) - 'F:_,r 'L Ftydr (16)

where wft) = M)V is the surface concenlralion il there is no mass ransport inlo the soil. The
selution parallels tha given in the proviows section and il is found without deMeulty that

giet?
r = !
¢ ferl3 (47

Hy

We Lhus see (thal using the convolulion theorein, or equivalently, the Bolizmann superposilion
principle
' d
oz, 1) = w8 + [ Jr - ﬂ.ff’_':i‘} (18)
d 0
where Jir) is given by cquation (15a) vie

ar — u sl

Fir) == p—

[afia, € - bfib.1}]

Equation (18) can be used o evaluile Lhe concenlyalion profile lor any conlinuous variztion of
mass input with respecl (o Ime.

Sownciimes it |5 more convenient Lo use equation {17) directly. Thus, il the muiss input is
proporticnal 1o the elapsed time £, so thal off) = me, then

tF = u-r,-"s2

{19a)

Cguatien (19} can be rewrillen as

A~ PBere o™ pe-st '
s pe] AT
o [Cii—a}+¢t:+a] e rag [E+h}2:’ (195)
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whers
J

daih + a)
_—{atb)
~ daib - a?
_ b
T 2Ub—u)

h . —
(h+a)b - a)

Y

C

Inverting (19b) then gives:
oz, £) = m{e) ' {20k)
) = e =T A f(— e, ) + Bftas) - )+ DD (20b)
where the [unclion f(g, £} was delined by (13b) and

D
Pl =g

={x -+ 2gt) fig. ) — 2. fitfm) e ¥ {206)

APPLICATION

The coneeniration al any depth z and Ume ¢ can be delernined [rom (15) for instanlaneous
deposition of mass m e landill and from (20) Jor Lthe case whers mass inpul i3 proporlional Lo
tisne. These equelions can be readily evaluated using o banid calcolalor, observing that

flig.n=¢ "X}

1
e=(weren)

Values of $H{X} are piven praphically in Figurc 2 lor y = 0. Allernalively, for X 20, ${X) =
aw+ W +aw! +awt+aow’, where w= 11 +rX) and 1le coeliicients r, a,--a5 Ar¢ given
in Reference 13 & soction 7.9.26, p. 299 Solulions can be oblamed lor negative argumenls by
noiing Lhat :

where

$l—x} =207 — ix)

[lustrative exampls

To ilustrale e application of the Lhecretical solutions mven by (13) and (15) consider a
liypothetical landfll conslructed on a deep clay layer. Asswining ihal the height of leachale (ie.
volurmne of leachalc per unil ateay H = | m, the claypotosity is 0+d, ihe downward seepage velocily
v =003 m/a, the dispersion/difusion coellicient is & = 001 m*/a [or the species of intcrest, and
sorplion ol Ll species is given by pK = I-2. Froum this daa, the key paramelers = 20; a=04{0125
and b= 00675 can be caloulated. Thus the suelace concenlralion 100 pears alter construclion of
(e landfill inay be calculaled [rom (13), viz
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O

0y
where a, 1s the initial surface congentration. Cvaluating i, /1) and ¢ihr) rom Figure 2 then gives
T [
Ty O128 — 0675
The conceniration ai any depth z may be cateniated from {13), Tor cxample, the concentration al

adepth of 2 m aller 100 years may be caleulated wanp the values of'y, a, &, deduced above eoe = 100
years and x =yz = 40, Thus, at 2 =2m._ ¢ = 1 yeurs

*_ﬂl;?. = ot - b/ ()]

———— (125 ¢ 87 — (075 x (FE35] =043

where f{a, 1) can be delenimed from Figure 2 as follows.
Let X =a./t +x/(2,/1) = 2123

L fla=e MG =1t x P(2125) = 00183 x 0243 = 000445

A smilar caleulstion inay be perlormed for fil, 6 yiclding ot = 100}, = 0-0055, Thus afier M
years, the averape concentralion of conlaminanl in the landhll has redoged to 45 per cent of Lhe
tuitial valae, while ithie conecntration at 2m is only (-56 per cont of the original aorface value o,

RESULTS

For cuses in which the surface congoutration remains constane, Lthe efect of sorplion can be
direculy combioed with he effects of diffuaion by considermg a lumped diffusion coeliicicnt
D% = DAL + pKfr) (see, for example, Referenee 3). However, Lhis simplilication ceases Lo be vaiid
once the boundury conditions are Nux conlrallzl. This has been demonsiraled numetically by
Rowe et ol.'* and is upparent {rom the snalylic solutions déveloped in the previous section. For
example, taking the seepage velocity v =0 {to simplily {he expressions), equation {15) can be
rewrilten us

clz, 1) =ty &xp( H, L L;an}ﬂr) ‘ffC(HLJ[U +I?Kfﬂlﬂf]+§\/!—4%—?fq> (21a)
¥ b
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or capressed it tenns of the lumped parameler D*

neD*1 + K fn) + n:-_“ + pKiny?D*
A Hj '

clzt)= muexp(

— L T A 9
xchc(IIIJ[fl + oK P o%] + IJ{D*E}I) 2Ib)

An inspection of equalion (21} shows (hat slithoueh tlie lerm D* does appear, it will not in peoeral
provide a pood normalizing parameter since for a given value of D%, the solution alse depends on
the magnitude of (he term {1 + pK/mhand hence on the relative magoiludes of Lhe parameters D, p&
und n used to obtuin 0%

The lumped purameter D* can be readily deterntined in Lhe laborutory by perlorming a dilfusion
testin which the source concentration remains conslant (i.e. H ; — ou), since in this case (21) reduces
(1

z |
f.'[Z, I] =y erlc ( ZJ_{D*_I]) ‘:1.4}

which only depends on D*. However, the important practical imphcation of cquation (2f) is Lhal
[or real landiills where Lhe source concen(ralion vattes with 1rme, itis essenlisl o ktow the valucs
ol 13, o K, 1 and notjust the lumped parameler D%, A (echnique for determining both & and pK fro
a single les| on an undisiurbed sample ol soil has been oullined by Rowe et a.'® and described in
delail by Rowe and Caers, '

The fact that he lumped paramelsr B* = DJ1 + pRw) does oot provide a good basis for
predicimg conlaminant migration in kandiils where the concenleation vacizs with time can also be
readily demonsiraied by evalualiog (21) at e serface of Uie depoyil (z=0] Lo give

el l:2 !
(] oL pffn]'ﬂl)m.u( nefl + Pfa n]'ﬂf) (23a)
If; - H
AT this surface localion il is clear (hal Lhe concentraiion of contaminant depends en the product
{1+ pE/m)D and not on Lhe lumped parameter D* = D41 + pEmj 10 is also evident [rom (23]
that Lhe variglion in sudace concentrarion ¢, with time can be expressed in terns of 4 unigue
funclion of dimensionless lime 1, viz,

cdT) = wyexp(Terle{ /T (23h)

»

ey =all, 1} =y exp(

whete
T=nl+ pK,.-’n]Dr,-’H} (Lic)

This variation in leachale concenlralion wilh dimensionless time is shown in Figure 3.

Variahle tnass Input

In the loregoing examples, it was asswined Lhat the muss of cotllaminant within the land[ill
reaches ils peak value very quickly. However, il the time-dependent vadalion it (nass inpul Lo the
landlill is known, Lhe effect of this can be modelled by splilting the lime-dependent input inlo a
series of hnear portions and Lthen using the principle of superposition together witl equation (20,
For cxumple, il Lhe inass input is ussumed to vary linearly with time at a rate m 0p 1o a time 7, 2fter
which no more mass s added, then Lthe concentration al any depth 7 and time ¢ is given by

efz, L) = pp(t) Jor i<ty {2da)

890
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Fipura 4. Clec) uf rotc of mass Dkpal upon swrfaos conuenlralion yaristion with Hme

cz ty=mlpt) -pir—10) Tortzg {24b)

where Lhe function y is defined in (20b).

Toiliwsteale the efiect of nodelling (he rate of mercasc in mass, Lhe dashed line in Figere 4 shows
the vadution in surlace concendralion with tme (or the case where the inass inpul increases linearly
with Ume [or £y =3 years and then no more mass is added. Nole thart if there were no muss
lcansporl fnle Lhe soil, e maximum concentration al time ¢ = 3 years would be wy, Do fact, mass
(runsporl inwe the #0il does ocour reduging the mazimum copcentration Lo approxiinatcly 093 o,

Although the increase in mass witl time can be modelled wsing (200, an aligrnative approximale
approach would be Lo asswerme Lhal all the inass was deposited instanlansously al a time 03 ¢, and
then vze (13). The resulls of an analysis is perlormed using (his approximalion are shown by the
solid line in Figure 4. It will be seen (hat even at time 1, ther2 is very litlle dillerence belween the
surfuce concenlrglions. Al a lime { = 28, (Le. 10 years), the dilference betwuen the Lwo solulions is
less thai 0-1 per cent. Although Lhis is only an isolated example, calculations perfonned lor many
practical silualicns indicaie Lthat for me t > 24, the approximate approach of assuming he
landlfill is conslrueted nstantaneously al 4 time 0051, I5 aceurale to Detter than | per cent,
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CONCLUSIONS

Two analylic closed form salulions lor e adveclion -dispersion cyualion have been presanted.
These solutions lake accolnt of chanpes in surlace concenlration wilh Lme as mass iy Lransporied
into the soil. Cousideration has alse been given Lo tme-dependen| mass inpnt inte the landlill. The
use ol these solutions has been illusiraled by a nwnber of examples and il has been shown thar
consiloration of Lhe [nile mass of conlaminanl witlin the landill can sipnificanily afect ihe
pradicted couceniration profiles bencatl the landfell
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