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ABSTRACT: Polymer sewer pipe load carrying ability when deflected to 20% pipe deformation under parallel
plate loading is used in industry as an index of pipe quality. New developments in limit states design also require
the assessment of pipe response beyond the small deflection limits currently specified (between 5 and 7.5%
change in pipe diameter). New material models recently developed to predict the nonlinear time-dependent
response of high density polyethylene (HDPE) are used in a materially and geometrically nonlinear finite-element
analysis to predict pipe response during the flattening test. Comparisons are made with test results for two
different plain HDPE pipes. The new analysis permits good quality predictions of pipe response to be made at
large deformations (20% vertical diameter decrease) where materially nonlinear polymer response occurs at
crown, invert, and springline. Modeling permits pipe response to be evaluated under a constant rate of defor-

mation, stress relaxation, and other load paths.

INTRODUCTION

Pipe response under parallel plate loading is used in industry
to define indices of pipe performance. ASTM test D 2412 (Test
Method for External Loading Properties of Plastic Pipe by
Parallel Plate Loading) features loading applied across the ver-
tical diameter of a short segment of pipe (Fig. 1). Using a
loading rate of 12 mm/min, load divided by vertical deflection
is used to define pipe ‘“‘stiffness’’ at 5% vertical deflection. It
is common to specify minimum values for stiffness of pipe
used in various applications. Furthermore, design guides often
require ductile response to 20% vertical deformation (flatten-
ing) if the pipe product is to be accepted (AASHTO 1986).

The writers have previously developed and used linear vis-
coelastic finite-element models to estimate the response of var-
ious polymer pipes under parallel plate loading (Moore
1994a,b; Moore and Zhang 1995). That analysis was successful
in predicting pipe response where strains remained small. It
permitted reasonable predictions of pipe stiffness featuring
pipe deflection to 5% vertical deformation. However, vertical
loads were overestimated with increasing errors as pipe de-
flection exceeded 5%. Predictions at 20% deflection were poor
due to the development of nonlinear material behavior at cer-
tain locations in the pipe wall. The limits of linear viscoelas-
ticity for HDPE were found to be material strains of about
0.8%.

The nonlinear and time-dependent behavior of the HDPE
pipe material has been investigated experimentally under a
wide range of loading histories in compression (Zhang and
Moore 1997b). The stress-strain response was found to be
highly nonlinear and rate dependent [Fig. 2(a)] and the creep
compliance highly stress dependent when the stress is over 5
MPa [Fig. 2(b)]. Nonlinear constitutive modeling is needed to
predict pipe response under parallel plate loading at large de-
flections where large strains develop at crown, invert, and
springlines.

The writers have recently developed viscoplastic (VP) and
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nonlinear viscoelastic (NVE) models to quantify the nonlinear
time-dependent response of HDPE at up to 15% strain (Zhang
and Moore 1997c). Those models were based on uniaxial com-
pression tests, and were found to successfully predict HDPE
response except where there is strain reversal (Zhang and
Moore 1997b). Those models have been implemented in a
two-dimensional finite-element analysis to permit the solution
of materially and geometrically nonlinear problems (Zhang
and Moore 1997a).

Tests conducted on short segments of plain HDPE pipe are
first described. The material models and computer analysis are
then briefly introduced. Predictions of load deflection are made
using the finite-element analysis, and comparisons are made
with the experimental data. Conclusions are made regarding
the model performance in this application.

LABORATORY TESTS

Six tests were performed using segments cut from two plain
HDPE pipes of external diameter 322 mm. A thick-walled pipe
was used for which thickness is 31 mm, giving a dimension
ratio (diameter divided by thickness) of 10.4. The segments of
thick-walled pipe were 30 mm long. A thinner-walled pipe was
also tested, with thickness of 13.4 mm, corresponding to a
dimension ratio of 23.9. The segments of thin-walled pipe
were 20 mm in length.

Tests were conducted in a single axis servo-hydraulic test
machine (MTS System Corp.). Load paths were programmed
using an MTS 459.91 Microprofiler, and controlled using an
MTS 458.20 Microconsole. During the tests, the change in
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FIG. 1. Parallel Piate Loading Test
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FIG. 2. (a) Experimental Stress-Strain Curves for Constant
Strain Rate Tests at 0.01/s to 0.0001/s; (b) Creep Compliance un-
der Different Stress Levels; (c) Nonlinear Viscoelastic Material
Model

vertical pipe diameter was measured by recording the ram po-
sitions through the displacement transducer in the MTS ma-
chine. The loads were measured using a standard strain
gauge—based MTS load cell (10 kN capacity). Load and dis-
placement were recorded using a PC-based data acquisition
system. The axial stiffness of the test machine and the load
cell were measured, and no appreciable error results from the
assumption that the machine stroke is equal to the vertical pipe
deformation.

The tests were conducted with various rates of vertical pipe
diameter decrease D,. First, response was measured at the

loading rate specified in ASTM D 2412 (Dy = 12 mm/min).
Response was also measured at a faster loading rate D, = 120
mm/min, Relaxation response was measured, in addition to
pipe response during load-unload cycles.

The six load tests were as follows:

1. A thick pipe segment was tested at Dy = 12 mm/min
until ADy/Dy = 19.2%. At this point relaxation behavior
was measured (i.c., load decrease with time for Dy = 0).

2. A thick pipe segment was tested at Dy = 12 mm/min
until ADleV = 20%. R

3. A thick pipe segment was tested for 100 s at Dy = 12
mm/min, then until AD\/Dy = 20% at the faster loading
rate of Dy, = 120 mm/min.

4. A thick pipe segment was tested with four cycles of con-
stant rate of deformation (at Dy = 12 mm/min) followed
by relaxation (i.e., Dy = 0) for 1,000 s._

5. A segment of thin pipe was tested at Dy = 12 mm/min
until ADlev = 20%. .

6. A segment of thin pipe was tested at Dy = 12 mm/min
until ADy/Dy = 20%. At this point relaxation behavior
was measured (i.e., Dy = 0).

THEORETICAL ANALYSIS
Introduction

The material model and finite-element analysis being used
to estimate pipe response under parallel plate loading are de-
scribed in this section. Only brief details are provided since
more complete descriptions are available elsewhere (Zhang
and Moore 1997a,c).

In linear viscoelasticity, the creep compliance is modeled as
independent of stress, and the relaxation modulus is modeled
as independent of strain. These assumptions are normally rea-
sonable at low levels of stress and strain, where material re-
sponse at a given time is linearly proportional to the applied
stress. Doubling the stress simply results in double the strain
at a given time.

At higher levels of stress and strain, HDPE material re-
sponse is nonlinear. A doubling of applied stress leads to more
than double the strain at a given time. The two nonlinear mod-
els differ in the approach they use to define the inelastic strain
that develops. A nonlinear viscoelastic model characterizes the
material using springs and dashpots, where spring modulus
and dashpot viscosity are functions of stress. Inelastic strains
are fully recoverable on release of applied stress. A visco-
plastic model separates the material strain into elastic and vis-
coplastic components, where the plastic strain is permanent. A
simple flow rule is used to define the plastic strain rate as a
function of stress and plastic multiplier.

Nonlinear Material Models

A series of uniaxial compression tests on cylindrical speci-
mens of HDPE cut from smooth, thick-walled HDPE pipe
have been used to develop two materially nonlinear models
(Zhang and Moore 1997b,c). ,

First, tests under constant stress (creep tests) have been used
to develop a nonlinear viscoelastic model. This model is for-
mulated using rheological elements consisting of springs and
dashpots [Kelvin elements, Fig. 2(c)]. The viscosity of each
dashpot v, is replaced by retardation time defined as

T
== 1
=g @

While one spring-dashpot combination can depict a generic
viscoelastic response, it implies a single retardation time that
is inadequate to characterize the material response over a large
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time period. Six nonlinear Kelvin elements have been used to
represent the response over five log cycles of time (a time
period ranging from 1 s to one week).

Strain rate &, is divided into elastic and viscoelastic com-
ponents

where the elastic component of strain rate is found using con-
ventional elastic stress-strain relations defined using elastic
modulus E, and Poisson ratio v = 0.46. The viscoelastic com-
ponent of strain rate ¢}, is given by
S (3 £}
» Sy i
er=, (>4 -2 3
Y I-El (2 E]T,' Ti> ( )
as a function of deviator stress s; = 0;; — 0u/3. This rela-
tionship was developed on the assumption that viscoelastic
strains occur without change in HDPE volume.
The spring stiffness and retardation time of each successive

Kelvin element (spring and dashpot unit) is related to the first
by multipliers m = 0.635 and a = 10.0

E = Elml_l C))
=1 o)

The modulus (stiffness) of the first independent spring, E,, and
the first Kelvin element spring, E,, together with the first dash-
pot retardation time, 7, (in seconds), are expressed using func-
tions of scalar stress quantity & = +/3/2s;s; defined using
deviator stress s;,. Introducing a stress unit o, = 1 MPa, the
functions are
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Response can be evaluated in other units by converting o,
accordingly. Adjustments are also made to account for the
differences between engineering strain €, = (I — )/, and log-
arithmic strain € = In(1 + €,), where l; is the initial gauge
length and !/ is the current gauge length (Zhang and Moore
1997¢c).

As an alternative, tests conducted under constant rate of
axial deformation were used to develop a viscoplastic model.
In this model, strain rate is separated into elastic and visco-
plastic parts

élj = 87, + Efj = £,¢] + X.S:U (9)

where the viscoplastic strain rate £, is a function of deviatoric
stress rate §; and plastic multiplier A.

Elastic strain is related to stress using conventional stress-
strain relations defined by elastic modulus E of 1,450 MPa
and Poisson ratio v of 0.46. The plastic multiplier X is found
from
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for scaling factor C = 0.01. A hardening state variable X is
employed, defined as a function of the scaler strain rate quan-
tity € = \/2/3¢{,¢7; and the accumulated viscoplastic work W*
(having the same units as o,)

X = 1.00,/{1.042 X 107 exp[3.829(8)>*™1°"]
+ [7.056 X 107°/(107* + W¥/a,)]"?} (1)

The models have been successfully used to predict uniaxial
HDPE response for a variety of other more complex stress
paths (Zhang and Moore 1997b). Performance is excellent,
provided the stress path does not lead to strain reversal.

Finite-Element Formulation

Two types of nonlinear behavior affect the load deflection
response of polymer pipes during parallel plate loading to 20%
vertical pipe deflection. First, nonlinear material response oc-
curs at various locations in the pipe wall (in the vicinity of
the inner and outer surfaces at crown, springlines, and invert).
Second, the changing geometry affects the pipe stiffness. The
pipe takes the form of a horizontally oriented oval. This acts
to decrease the incremental stiffness (additional load required
to develop an additional vertical displacement).

Both these effects must be incorporated into the finite-ele-
ment analysis. The influence of material nonlinearity is in-
cluded using either one of the two nonlinear models described
earlier. The effect of changing geometry is included both by
updating geometry throughout the incremental analysis, and
by using an objective measure of stress (the Jaumman stress
rate), which includes the influence of material rotations [see
Carter et al. (1977) for further discussion].

The finite-element analysis uses six noded continuum ele-
ments to model the pipe (Fig. 3). Two meshes were developed
for each of the two pipe geometries. These meshes are shown
in Figs. 3(a—d) and are denoted mesh 1 to mesh 4.

c d

FIG. 3. Finite-Element Meshes Used to Analyze Thin and
Thick Pipe Response: (a) Thick Pipe, Mesh 1; (b) Thick Pipe,
Mesh 2; (c) Thin Pipe, Mesh 3; (d) Thin Pipe, Mesh 4



Continuum elements are employed rather than one-dimen-
sional structural elements, because one of the test pipes is thick
walled (dimension ratio 10.4) for which thin shell or structural
theory would not be appropriate (appreciable shear deforma-
tions can be expected, and the plane sections will not remain
plane). Furthermore, it permits more exact modeling of regions
of nonlinear response while avoiding the difficulties associated
with adjusting a more conventional structural element to con-
sider material nonlinearity.

The two-dimensional analysis uses constitutive relations
based on material response under plane stress. It features an
explicit solution algorithm examining pipe response in a series
of load increments, but without iterations [e.g., Zienkiewicz
and Cormeau (1974)]. The solutions reported here were ob-
tained using 1,000 time increments for analysis of the thin
pipe, and 6,000 time increments for the thick pipe. Each prob-
lem features some controlled rate of deflection at the crown.
This does not mean constant rate of material strain, since strain
fields in the pipe are nonuniform around the pipe circumfer-
ence and across the pipe wall. Furthermore, nonlinear material
response can lead to complex response, such as strain redis-
tributions within the pipe wall for pipe fixed at some constant
vertical diameter decrease (some points will accumulate more
strain while strain magnitude decreases at other locations).

COMPARISONS OF THEORY WITH EXPERIMENT

Each of the six pipe loading tests has been analyzed using
the nonlinear, two-dimensional finite-element model. The re-
sults of these analyses are presented in this section, and dis-
cussed in relation to the measured pipe response.

Pipe Response for ASTM D 2412 Loading

The load deflection response of both thick and thin pipes
was measured twice for deformations at Dy = 12 mm/min until
ADy/D, = 20% (19.2% for test 1). The load deflection re-
sponses for the thick pipe are shown in Fig. 4 (for tests 1 and
2), while Fig. 5 shows the thin pipe results (for tests 5 and 6).

In each case, repeated test results are very similar, reflecting
the consistency in geometry and material properties of the pipe
segments. Each load deflection curve is concave down, indi-
cating a steady decrease in the pipe ‘‘stiffness.”’ The nonlin-
earity of the thick pipe response is noticeably greater, a result
of the additional bending strain expected at the extreme fibers
of the thick pipe wall.

Both figures show finite-element predictions obtained using
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FIG. 4. Load Deflection Response for Thick Pipe for Vertical
Deflection Rate D, = 12 mm/min until AD,/D, = 20%: Experi-
mental Measurements and Finite-Element Predictions

three different material models. First, the linear viscoelastic
rheology developed by Moore and Hu (1996) was employed
to estimate response ignoring the potential for material non-
linearity (this solution is denoted LVE). Next, predictions were
made using the nonlinear viscoelastic (NVE) model described
earlier. Finally, predictions were made using the viscoplastic
theory (VP).

All three constitutive models predict similar response, while
the material behavior is linear viscoelastic. At about 5% de-
flection for the thick pipe and 8% deflection for the thin pipe,
the three predictions diverge. The LVE predictions feature load
estimates that exceed the measured values by progressively
greater amounts. These results are consistent with earlier stud-
ies on plain and profiled HDPE pipes (Moore and Zhang 1995;
Moore and Hu 1996).

Both nonlinear solutions follow the measured response more
closely. At 20% vertical diameter decrease, the viscoplastic
load estimates exceed the measured values somewhat (about
2%) and the nonlinear viscoelastic predictions fall slightly be-
low (by about 4.5%). Both appear to provide very acceptable
load estimates at large pipe deflections.

The influence of finite-element mesh has been investigated
by providing VP solutions for both finer and coarser meshes.
No discernible difference can be detected for analysis of the
thin pipe, while a small difference is noticeable in the solutions
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FIG. 5. Load Deflection Response for Thin Pipe for Vertical
Deflection Rate D, = 12 mm/min until AD,/D, = 20%: Experi-
mental Measurements and Finite-Element Predictions
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FIG. 8. Deformed Finite-Element Mesh for Thick Pipe Loaded
to 20% Vertical Diameter Decrease, together with Initial Circular
Pipe Geometry

FIG. 9. Deformed Finite-Element Mesh for Thin Pipe Loaded
to 20% Vertical Diameter Decrease, together with Initial Circular
Pipe Geometry

for thick pipe (about 1.3% at 20% pipe diameter decrease).
Nonlinear material response is more important for the thick
pipe, and variations in displacement are more complex for that
structure, so the finer mesh provides a more accurate numerical
solution.

Change in horizontal pipe diameter were also measured dur-
ing tests 1 and 5 (using a displacement transducer mounted
across the horizontal pipe diameter). These are shown in Figs.
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6 and 7 for the thick and thin pipes, respectively. Finite-ele-
ment predictions obtained using viscoplastic analysis are also
given, demonstrating the effectiveness of the nonlinear finite-
element analysis (solutions obtained for the other nonlinear
model were similar).

Figs. 8 and 9 show the deformed shape of the thick and
thin pipes as predicted using the nonlinear finite-element anal-
ysis. The deformed shapes at 20% decrease in vertical pipe
diameter are shown relative to the undeformed circular pipe
geometries.

Pipe Response for Stress Relaxation at 20%
Deflection

Following testing under constant rate of deformation, one
test conducted on each of the two pipes featured load meas-
urements with deflection fixed at 20% of diameter (19.2% for
test 1). Load change with time is shown in Figs. 10 and 11
for these two ‘‘stress relaxation’’ tests. Response was mea-
sured for 1,000 s and 5,000 s for the thick and thin pipes,
respectively. The thick and thin pipes experienced load de-
creases of 30% and 40% over their two respective time per-
iods.

Predictions of load decrease with time were made using the
two nonlinear material models. The viscoplastic predictions
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FIG. 10. Load Relaxation for Thick Pipe at Fixed Vertical De-
flection: Measurements and Nonlinear Finite-Element Predic-
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Predictions



follow the measured response well, while the nonlinear vis-
coelastic predictions underestimate the load decrease with
time.

Pipe Response for Other Load Paths

Thick pipe response was also measured for two other load
conditions.

Fig. 12 shows load versus deflection for a test conducted
with first one, and then another deformation rate. A tenfold
increase in vertical deflection with time (from D, = 12 mm/
min to D, = 120 mm/min), leads to a noticeable increase in
the slope of the loading curve. Also shown is a viscoplastic
prediction undertaken with the finite-element analysis. Again,
the geometrically and materially nonlinear finite-element
model is successfully predicting pipe response.

Pipe response for a test featuring four load-relaxation cycles
is shown in Figs. 13 and 14. Viscoplastic finite-element pre-
dictions are also shown. Fig. 13 gives load versus deflection,
while Fig. 14 provides relaxation (load decrease) with time for
each of the 1,000-s relaxation intervals. Viscoplastic predic-
tions are again reasonable for this multistage load path, with
an overestimation of load during parts of the third and fourth
load cycles.

These more complex load paths reveal that the nonlinear
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FIG. 12. Load Deflection Response for Thick Pipe at Two Dif-
ferent Rates of Vertical Diameter Decrease: Measurements and
Finite-Element Predictions
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FiG. 13. Load Deflection Response for Thick Pipe over Multi-
stage Test Featuring Four Load-Relaxation Cycles: Measure-
ments and Finite-Element Predictions

analysis should be capable of making reasonable predictions
for other load paths, like those associated with pipe response
under embankment loading or when deeply buried under a
municipal solid waste landfill. Real load histories can be ex-
pected to feature variable load rates and periods of relaxation,
although successful analysis will require suitable considera-
tions of soil-structure interaction given the key role of soil
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FIG. 14. Load Relaxation with Time during Multistage Test
Featuring Four Load-Relaxation Cycles: Measurements and Fi-
nite-Element Predictions
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FIG. 15. Contours of Principal Stress (Tension Positive) Pre-
dicted for Thick Pipe Deformed to 20% Vertical Diameter De-
crease: (a) Major Principal Stress; (b) Minor Principal Stress
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