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Abstract-The response of long thick elastic tubes to threedimensional load systems is examined. 
Exact solutions for isolated and periodic disturbances are given. The analysis of shells and laminated 
tubular structures is also considered. The work is illustrated with studies of thin and thick tube 
response to bands and patches of radial pressure. The response of a laminated pipe fitted with 
regularly spaced ring stiffeners is also considered. 

INTRODUCTION 

The elastic plane strain response of cylindrical shells and thick cylindrical tubes has been 
investigated by many workers (e.g. Flugge, 1960 ; Mushkhelishvili, 1972), as has the axisym- 
metric response of these structures (e.g. Timoshenko and Woinowsky-Krieger, 1959). 
However, many important situations exist where cylindrical tubes exhibit threedimensional 
response. 

This paper describes the analysis of long elastic tubes for three-dimensional conditions. 
Exact solutions are given for the response of a thick tube to a single load system at one 
position, or loads which are periodic along the tube axis. 

Examples of thin and thick tube response are illustrated, and the procedure is also 
used to examine the behaviour of a laminated tube system with uniformly spaced rib 
stiffeners. Solutions of this type require substantially less computational effort than those 
generated using numerical techniques such as three-dimensional finite element analysis. 
They are also valuable for use in checking those more versatile computational methods. 

EQUATIONS OF EQUILIBRIUM 

Description of the problem 
Long structures composed of thick cylindrical tubes of isotropic elastic material of 

Young’s Modulus E and Poisson’s ratio v are being examined, see Fig. 1 (more general 
structures with anisotropic properties could be studied using similar techniques). Solutions 

Thick l lartic 
tuba 

Fig. 1. Definition of geometry, displacements and stresses. 
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are sought for structures with axisymmetric geometry but non-axisymmetric loads. The 
problem is therefore conveniently defined using cylindrical polar co-ordinates (axial c, 
radial r, circumferential e), for which the general equations of equilibrium are well known 
(Love, 1944). 

Harmonic decompositions along the tube axis and around the circumference will be 
used to simplify the analysis. Infinitely long structures are investigated here ; the procedure 
described can, however, be used to study tubes where disturbances decay substantially 
before reaching the ends. 

The solution being sought should be useful in examining the adequacy of shell theory 
and the assumptions on which shell theories are based (e.g. the Love-Kirchoff assumptions 
for thin shell theory). Elastic stresses in laminated tubes could also be evaluated, and the 
response of thick cylinders with rib stiffeners and thick tubes deeply buried within an elastic 
medium could be estimated. Some of these applications will be briefly considered in this 
paper, while others will be left for subsequent studies. 

Variations along the axis 
Radial displacement u,, circumferential displacement ue and axial displacement u:, as 

well as normal stresses cr,,, uge, c,, and shear stresses Go, crez, 6, can be expressed as follows. 

(a) For a single load pattern. Fourier transforms are employed 

(u,, be_, Q-,) = 2 oa (U., Se,, S,,) sin mt dm 
f 

(1) 

where 

(2) 

and 

1 sue v~~+~+;--+~ 

au0 i au, 
2w:=~+dr-;8. (3) 

(b) For loading patterns which have period L in z. Fourier series expansions are used 

where for K o= landform>O,rc,,,=2 
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While the response is assumed here to be symmetric about z = 0, non-symmetric problems 
can be examined using complex Fourier transforms or complete Fourier series. 

Variations around the circumference 
Use can also be made of Fourier series expansions in 8 

w,, u,, v, s,,, SW, s,,, s,,) = C w,, u,, v, s,, See9 sz,, U(n) ~0s ne 
n-0 

We, K Sd, W = C We, W,, &, SetYn) sin no 
n-0 

where 

(U,, W,, S,, S&“’ = : oR (U,, W,, S,, &) sin n6 de. 
s 

Harmonic equations 
Use of eqn (6) with eqns (1) or (4) leads to equations of equilibrium : 

82 W(n) i a w(n) -___-L+_L_ 
dr2 r ar 

82 U(n) i aup 
--++;F- 

where 

vE 

1 = (l+v)(l-2v) 

E 
GE---- 

2(1+v)’ 

DISPLACEMENT FIELDS 

Equations (8) have solutions : 

v’“) = A,I,(mr)+A2Kn(mr) 

WF) = AJ,(mr)+AJ,(mr) 

U’“’ r up’ 
1+G av(“) 

--r- = AJ,(mr)+A&(mr) 
2Gm ar 

(6) 

(7) 

(8) 

(9) 
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where UC”) has been defined for convenience, A ,-A6 are integration constants, and f,, and 
K, are modified Bessel functions of the first and second kinds. Displacement fields are then 

1 dU’“’ 
--- 

m dr 

up 
(1+G) aP (1+2GjnV(“) + _1_ awp n U@) 

=%%?*dr- Gm2 r m2T+MT 

U(n) = (J+G);8V’“’ ; p) 
.- 2Gm ar . 

(10) 

STRESS FIELDS 

Linear elastic constitutive relations (Love, 1944) can be used to find expressions for 
the stress fields : 

S$” = (I+2G)V(")-2G 7 + 5 #)+m@‘) > 

S(n) (A+G) a -y- 
Lr - 2m ar (11) 

STIFFNESS OF A THICK TUBE 

Using eqns (9) with (10) and (1 I), displacement coefficients can be expressed as a 
function of the integration constants A = (A ,, A2, A3, Ad, As, A6)T 

(Up), Up), Up’)T = P(r)A. (12) 

Similar expressions can be found for the stress coefficients : 

(S:‘, S$‘, S$‘)T = Q(r)A 

(S#, S!:), SE)’ = R(r)A. (13) 

The matrices P, Q and R are given in the Appendix. 
Stiffness equations for a long tube with internal radius a and external radius b are then 

KD=F (14) 

where the displacements and tractions at internal and external boundaries are : 
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D = Wr(4, &1(4, U&4, U,(b), U,(b), WO)* 

F = Wv(4, GJW, a&(4, - &(N, -b&(b), -b&(b))* 

and the symmetric stiffness matrix is given by 
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(15) 

(a) 

@I 

(4 

(4 

SOLUTION PROCEDURE 

The harmonic tube response to a particular set of applied loads is found as follows. 

Boundary tractions u,~, Q~._, u, are integrated [eqns (7) with (2) or (5)] to determine 
each harmonic term. 
Harmonic stiffness equations are assembled, and then the solution for harmonic bound- 
ary displacement is evaluated. 
Integration constants A are evaluated from : 

A= ugnw, uL%o, U?(b), t@)(b), up’(b)]*. (17) 

Equations (12) and (13) are used to determine displacments or stresses at any radial 
position r. 

The harmonic response needs to be summed according to eqns (6) and (4) or (1). ._ - . _ . 
Naturally, Fourier Series summations are evaluated up to a finite value of M or n. Gaussian 
quadrature has been used to invert the Fourier transforms. 

LAMINATED STRUCTURES 

It is straightforward to determine the response of long tubular structures composed of 
a series of interlocking tubes, by combining tube stiffness equations using conventional 
matrix assembly techniques (Zienkiewicz, 197 1). The interfaces are assumed to be perfectly 
bonded together, so that there is full compatability of displacements and full transfer of 
shear stresses u Bz, u, and normal stress Q,, between one tube and the next. Displacements 
and stresses within any particular tube are found by using eqn (17) with the internal and 
external boundary displacements for that particular laminate. 

EXAMPLE CALCULATIONS 

Four example problems are now briefly considered in order to demonstrate the solution. 

Thin tube response to ring loud 
Figure 2 shows estimates of radial displacement w along a long tube with midsurface 

radius a, thickness h = u/10, modulus E and Poisson’s ratio v = 0.25, loaded with a single 
band of radial pressure p (band width 24. Timoshenko and Woinowsky-Krieger (1959) 
examined the response of a long cylindrical shell subjected to a line load P(quivalent to 
2dp) around the circumference. That solution is shown, as well as thick tube solutions for 
pressure bands with u/d = 5 and 2. A thin shell solution for pressure band a/d = 5 is also 
given ; the shell theory solution of Herrmann and Armenakas (1962) is summarized in the 
Appendix. Booker and Carter (1984) give details of the harmonic components of trans- 
formed traction, used to determine these pressure band solutions. 

There is close agreement between the closed form solution of Timoshenko and the 
pressure band solutions for a/d = 5. For a tube of this thickness, the shell theory appears 
to be a very satisfactory approximation. Widening the pressure band to a/d = 2 reduces 
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1.5 . . . . I.. . . . . . . . 
1 - r/d-a> Timbthcnko (i961) 1 

1.0 -- a/d-5 
--- a/d=2 

0.5 --- a/d=5 thin shell 

-2.51’.‘.“.‘.“..““‘.l 
0.0 0.5 1.0 1.5 2.0 

z/a 
Fig. 2. Response of a thin cylinder to a band of radial pressure (v = 0.25, h E cl/IO). 

the maximum radial deflection and extends the deformations along the structure. These 
comparisons could, for example, be extended to include a study of displacement and stress 
distributions across the tube thickness. [See Moore (1988) for a study of this type for 
dynamic tube response.] 

Thick tube response to patch load 
The response of a thick tube (midsurface radius a, thickness h = a, Poisson’s ratio 

0.25) is illustrated in Fig. 3. A double patch load is applied to the structure with angular 
width 26 and length along the axis 2d. The radial response along the structure is shown for 
S = 90” (the axisymmetric case), S = 45” and 6 = 22.5”. 

The solution can also be used to determine the response to patch load of the internal 
boundary of a very thick tube (external boundary remote). The solutions thus generated 
match those of Booker and Carter (1984). 

Laminated pipe response to periodic ring load 
The last example problems to be examined, feature a tube composed of two laminates. 

An interface radius at r = a connects an inner tube of modulus Ei, Poisson’s ratio Vi = 0.35, 
and an outer tube of modulus E,, = 3E, and Poisson’s ratio v. = 0.25. Both laminates have 
thickness u/10, so that total thickness h = a/S. The response of the system is determined 
for a series of pressure bands of width 2d = a/5 and spacing L. 

5. 

4. 

3. 

2. 

1. 

50” 0. 
I =z 

-1. 

-2. 

-3. 

-4. 
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--_. 
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Fig. 3. Radial response along a thick tube loaded with patch loads (d/a = 0.2, v = 0.25. h = u). 
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10. . . . . .I.. . . ..I.... 
- beriodic’solution 

- . single disturbance 
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0.1.. . . ’ *. . . ‘. *. * ‘. . . . 
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a/L L/a 

Fig. 4. Peak radial response of a laminated tube subjected to periodic ring loads (d/a = 0. I, h = a/5, 
vi = 0.35, v0 = 0.25, E. = 319. 

Figure 4 shows predictions of peak radial deformation along the interface, evaluated 
for various band spacings L. At a/L = 0, the band is effectively isolated from all the others 
and the single disturbance solution based on Fourier transforms has been employed. At 
L/a = 0.2 the bands link up, and the plane strain solution is generated. Both of these special 
solutions are indicated. 

The interaction stresses may be of significance for a laminated structure. Figure 5 
shows predictions of maximum normal stress a,, and shear stress u, between the tube 
laminates. Solutions are again shown for a range of pressure band spacings. Maximum 
normal stress occurs under the midpoint of the loaded region, and it is not greatly affected 
by band spacing L. Generally, maximum shear stress occurs just beyond the edge of the 
loaded zone. Greatest shear stress occurs when pressure band spacings are about equal to 
the tube radius. Naturally shear stress is zero for the plane strain condition. 

Response of laminated pipe with rib st#eners 
One situation where the pipe may be subjected to loads similar to those considered in 

the last section, is that of a pipe fitted with regularly spaced rib stiffeners. If the stiffened 
pipe is placed in a fluid (or if it is filled with a fluid) the response can be subdivided into 
two components. Firstly, the external fluid pressure pressing on an unstiffened tube generates 
a uniform contraction wP,, which takes place under plane strain conditions. Secondly there 

0.6 . . . . I.. . . 8. . . . I,. ‘. 

sheer stress a,, 

a/L L/a 

Fig. 5. Peak normal and shear stresses acting between laminates of tube under periodic ring load. 
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are bands of radial pressure associated with each rib stiffener, which lead to outward 
deformations w,, wherever stiffeners are located. 

Figure 4 can be used to estimate the ring thrust which develops in a stiffener attached 
to this particular laminated pipe. The dependent variable denoted by 

I= 
W(Ej + &)h 

4pda 

is a function of a/L. Using the plane strain solution I,, (for L/a = 0.2) marked on Fig. 4, 
and using q to denote the external fluid pressure, the plane strain displacement is 

2Zpsqa wps = (Ei+EO) * 

A stiffener which permits no radial movement will ensure that 

4Zpda 
w” = /&yi+ E,) = wP 

so that the force acting radially around the internal stiffener surface is 

and the hoop thrust generated in the stiffener is 

Z,,qha 
2pda=I. 

The same approach can be used to estimate from Fig. 4 the maximum shear and normal 
stresses acting across the interface of the laminated stiffened pipe. 

CONCLUSIONS 

An exact solution for evaluating the three-dimensional response of long thick elastic 
tubes has been described. The harmonic response is evaluated, and summations are under- 
taken and Fourier transforms are inverted in order to evaluate structural response to non- 
harmonic loading systems. The solution has been used to solve a number of problems 
involving long elastic tubes. The procedure should also prove useful in validating other 
methods of analysis (e.g. three-dimensional finite element analysis). 
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APPENDIX 

Displacement and stress fields for a thick tube 
Displacement coefficients in the radial, circumferential and axial directions are given by : 

where A is the vector of integration constants. 

, , 
-2nl -2nK -I’ -K 

CJ-C,(I’+f”r)/Z C,K’-C,(K’+K”r)/Z 7 T - - 
rm- rm- m m 

P(r) = nC,1’/2-nC,I/r nC,K’/2-nC,K/r 
21’ 2K’ nl nK 
;;;-i 1- - 

m- rm rm 

mC,rI mC,rK 

2 . 2 
0 0 I K 

, 

and 
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I = I.(mr), I’ = & (Umr)), 
d2 

I” = -(f,(mr)) 
dr’ 

K = K,(mr), K i= $(K.(mr)), K” = -$(K.(mr)). 

StresS coefficients S,, S,, S, are given by : 

= QWA 

where 

(A + 2G)f 

QW = 0 

GmC, (I’ + rl”) 

2 

Coefficients S,, S, and & are : 

(rl+2G)K 0 0 0 0 
PJr+nPJr+mP, 

0 2GI 2GK 0 0 

GmC,(K’+rK”) o o 
2 GI’ GK 

SO0 

0 SZZ = R(r)A 

SOZ 

where 

R(r) = ij if i i ; 3+f~3. 
St@tess equations for a shell 

The she11 theory of Hemnann and Armenakas (1962) yields the following equations relating displacement 
coefficients to boundary tractions for a shell of thickness h with midsurface radius r 
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where 

K 
II 

= K 
21 

= E,J~ DO-v)m’n 
r 2r 

K,, = K,, = -vE,m-Dm’f 
G,h’n’m 

12rZ 

K,, = Klz = -nmE,,(l+v)/2 

K,, = -mzE,r-nz: I+ 2 
( > 

for modulus E, Poisson’s ratio v and 

Eh’ 
D=-_T 

12(1-V) 


